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Abstract 

A determinant formula for a class of algebraic solutions to Painleve VI equation (Pvi) is presented. This 
expression is regarded as a special case of the universal characters. The entries of the determinant are given 
by the Jacobi polynomials. Degeneration to the rational solutions of Pv and Pm is discussed by applying the 
coalescence procedure. Relationship between Umemura polynomials associated with Pvi and our formula is 
also discussed. 

1 Introduction 



Enlarging the work by Yablonskii and Vorob'ev for Pn p£| and Okamoto for Pry p3|] , Umemura has introduced 
' a class of special polynomials associated with the algebraic solutions of each Painleve equation Pm, Py and 
Pvi • These polynomials are generated by Toda equation that arises from Backlund transformations of each 
Painleve equation. It is also known that the coefficients of the polynomials admit mysterious combinatorial 
properties @ f^J. 

It is remarkable that some of such polynomials are expressed as a specialization of the Schur functions. 
, Yablonskii- Vorob'ev polynomials are expressible by 2-reduced Schur functions, and Okamoto polynomials by 
3-reduced Schur functions || f^, 15j. It is now recognized that these structures reflect the affine Weyl group 
symmetry as groups of the Backlund transformations pC[ |. The determinant formulas of Jacobi- Trudi type for 
Umemura polynomials of Pni and Py resemble each other. In both cases, they are expressed by 2-reduced 
Schur functions and entries of the determinant are given by the Laguerre polynomials ^| . 

Furthermore, in a recent work, it has been revealed that the whole families of the characteristic polynomials 
for the rational solutions of Py, which include Umemura polynomials for Py as a special case, admit more 
general structures |jl2f . Namely, they are expressed in terms of the universal characters that are a generalization 
of the Schur functions. The latter are the characters of the irreducible polynomial representations of GL(n), 
while the former are introduced to describe the irreducible rational representations []TT| . 

What kind of determinant structures do Umemura polynomials for Pyi admit? Recently, Kirillov and Taneda 
have introduced a generalization of Umemura polynomials for Pyi in the context of combinatorics and shown 
that their polynomials degenerate to the special polynomials for Py in some limit || [)| . This result suggests 
that the special polynomials associated with the algebraic solutions of Pyi are also expressible by the universal 
characters. 

In this paper, we consider Pyi 
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where k^, Kq, K\ and are parameters. As is well known pl| , Pyi (1-1) is equivalent to the Hamilton system 
Svx: 4 = ^ P' = ~ W ' = t(*-l) 5 , (1.2) 



with the Hamiltonian 

H = q(q- l)(q - t)p 2 - [ Ko {q - l)(q - t) + Kl q{q - t) + {6 - l)q(q - l)]p + K (q - t), 

K = -(kq + K X + 9 - l) 2 - -«£,. 



(1.3) 



In fact, the equation for y = q is nothing but Pyi (1.1). 

The aim of this paper is to investigate a class of algebraic solutions to Pyi (or Syi) that originate from the 
fixed points of the Backlund transformations corresponding Dynkin automorphisms and to present its explicit 
determinant formula. 

Let us remark on the terminology of "algebraic solutions" . Pyi admits the several classes of algebraic 
solutions J|6|, [2J [H| 0, and the classification has not established. In this paper, if we do not comment especially, 
we use "algebraic solutions" in the above restricted sense. 

This paper is organized as follows. In Section |[ we present a determinant formula for the algebraic solutions 
of Pyi (or Syi). This expression is also a specialization of the universal characters and the entries of the 
determinant are given by the Jacobi polynomials. The symmetry of Pyi is described by the affine Weyl group of 
typeD^. We give a symmetric description of Backlund transformations of Pyi and derive several sets of bilinear 
equations for the r- functions in Section ||. In Section ^, we construct a family of algebraic solutions of Pyi. 
Proof of our result is given in Section |. As is well known, Pyi degenerates to Py, . . ., Pi by successive limiting 
procedures [^5[ |j| . In Section 0, we show that the algebraic solutions of Pyi degenerate to the rational solutions 
of Py and Pni with preserving the determinant structures. Section [?] is devoted to discuss the relationship to 
the original Umemura polynomials for Pyi. 



2 A determinant formula 

Definition 2.1 Let pk = pi (x) and q k = q^' d \x), k G Z, be two sets of polynomials defined by 

oc 

J2Pk' d \x)X k = G(x;c,d;X), p ( k c ' d) (x) = for k < 0, 

q [ C ' d \x)=pl c > d \x-i), 
respectively, where the generating function G(x; c, d; A) is given by 

G(x; c, d; A) = (1 - A) c ~ d (1 + xA)~ c . 
For m, n € Z>o, we define a family of polynomials R m ,n = Rm,n(x; c, d) by 
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For m,n G Z<o, R m ,n are defined through 

R — C-l ) m ( m+1 )/ 2 R , 
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Theorem 2.2 We set 

with 



^m,n(*E> C, (T) S mn {x, tt, 6), 



c = a + b + n — — , d = 2b — m + n. 



Then, for the parameters 

Koo — b, kq — b — m + n, Ki = a + m + n, £ 
we Ziaue a family of algebraic solutions of the Hamilton system Syi, 

(x; a + 1, 6) 



q = x 



Sjn — 1 ,71 

(1; a + 1, 6 - l)5 mi „_i(a;; a + 1, 6+ 1) ' 
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p=- a + 6 + n- - x 



+ 1, 6 — l)5 m , n _i(x; a + 1, &+ l)5 mjn _i(x; a, 6) 



(x; a, b)S m -i in -x(x; a + 1, b)S m . n -i(x; a + 1, b) 



with x 2 = t. 



(2.5) 
(2.6) 

(2.7) 
(2.8) 



This Theorem means that a class of algebraic solutions of Pyi is expressed in terms of the universal charac- 
ters , which also appear in the expression of the rational solutions of Py jl2) ■ Note that the entries pk and 
Qk are essentially the Jacobi polynomials, namely, 



(d-l,c-d-k) 



(-1 - 2x). 



(2.9) 



Applying some Backhand transformations, which can include outer transformations given in (7.14), to the 
above solutions, we can get other families of algebraic solutions of Pyi. Some examples are presented in Corollary 
6.2 and 6.5, so we omit detail here. 



3 A symmetric description of Painleve VI equation 

Noumi and Yamada have introduced the symmetric form of Painleve equations [|~7| [ll| [l5) . This formulation 
provides us with a clear description of symmetry structures of Backlund transformations and a systematic tool 
to construct special solutions. 

In this section, we present a symmetric description for the Backlund transformations of Pyi Jl9|, |2TJ] . After 
introducing the r-functions via Hamiltonians, we derive several sets of bilinear equations. 

3.1 Backlund transformations of P V i 

We set 

fo = q-t, /3 = 9-i, U = q, fo=p, (3.1) 

and 

a = 9, qi = Koo, a 3 = ki, a 4 = k . (3.2) 



Then, the Hamiltonian (1.3) is written as 

H = /I/0/3/4 ~ [("o ~ 1)^3/4 + "3/0/4 + 04/0/31/2 + a 2 (a 1 + a 2 )f , (3.3) 

with 

a Q + a 1 + 2a 2 + o 3 + a 4 = 1, (3.4) 



and the Hamilton equation (1.2) is written down as 

fi = 2/2/0/3/4 - (o - l)hfi - 03/0/4 - 04/0/3, 

/2 = -(/o/3 + /o/4 + / 3 /4)/! (3.5) 
+[(a - l)(/ 3 + U) + o 3 (/ + fi) + o 4 (/o + /3)]/2 - o 2 (ai + a 2 ). 
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The Backlund transformations of Pyi are described as follows [|[ [t9| , 

s^ctj) = aj -dijOii, = 0,1,2,3,4) 

82(Ji) = fi + T-, «i(/a) = /a-T' (* = °' 3 ,4) 

J2 J i 



s 5 : 



s 6 : 



«0 <-> 0(1, Qf3 <-> C*4, 

, foihfo + gg) 

72 i(t - 1) 



f: 



t 



, fo 
; /o 



Jo Jo Jo 



S7 : ao <-> 0/4, ai <-> 0:3, 



, h{hh + oc 2 ) , 

J 2 — ► _ 7 j Jo 



-4, /8">- 
J4 

J3 



J4 J4 



f - 1 



J4 — ► -r 



where A = {a,ij)fj =0 is the Cartan matrix of type D4 : 



a,i = 2 (i = 0,1,2,3,4), a 2j ■= a j2 = -1, ( j = 0,1,3,4), ay = (otherwise). 
These transformations commute with the derivation ', and satisfy the following relations 
s? = 1 (i = 0, ...,7), s i s 2 s l = s 2 SjS 2 (i = 0,1,3,4), 

S5S{0,1,2,3,4} = S{i,o,2,4,3}S5, S6«{0, 1,2,3,4} = S{3,4,2,0,1}S6, S7S{0, 1,2,3,4} = S{4,3,2,l,0} s 7, 
S5S6 = S 6 S 5 , S5S7 = S7S5, S 6 S 7 = S 7 S 6 . 



(3.6) 
(3.7) 

(3.8) 
(3.9) 
(3.10) 

(3.11) 
(3.12) 



This means that transformations Si (i = 0, . . . ,4) generate the affine Weyl group W(D±), and (« = 0, . . . , 7) 
generate its extension including the Dynkin diagram automorphisms. 



3.2 The r-functions and bilinear equations 

We add a correction term to the Hamiltonian (p3h as follows, 



H = H + ^ [1 + 4aia 2 + iaj - (a 3 + a 4 ) 2 ] + - [(ai + a 4 ) 2 + (a 3 + a 4 ) 2 + 4a 2 a 4 ] . (3.13) 

This modification gives a simpler beha vior of the Hamiltonian with respect to the Backlund transformations. 
From the corrected Hamiltonian (3.13), we introduce a family of Hamiltonians hi(i = 0, 1, 2, 3, 4) as 



ho = H + ^, hi = s 5 (H ) - —7—, h 3 = s 6 (H ) + ^, h 4 = s 7 (H ), h 2 = hi + Si(hi) . 



Then, we have 



J ■ 



{1+3., i,j = 0,1,2,3,4), 
J* 



s (h ) = h - a (t - 1) — , si(hi) = h\- ai/ 3 , 
Jo 

s 3 (/i 3 ) = h 3 + aj—^-, Si{hi) = h A + ola^-. 

J3 J4 



Moreover, from (3. 14), (3. 16) and the equations (3.5), we obtain 

[si(hi) + hi] - [si [hi) + hi] = A (i = 0, 3, 4) 
[s 2 (/i 2 ) + h 2 ] - (h + hi + h 3 + hi) = h. - h t - 1). 



(3.14) 
(3.15) 
(3.16) 



(3.17) 
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Next, we also introduce r-functions tj (i = 0, 1, 2, 3, 4) by 



hi = X 



(3.18) 



Implying that the action of Sj's on r-func tions also c omm ute with the derivation ', one can lift the Backlund 
transformations to the r-functions. From ( 3.15 ) and ( 3.17 ), we get 



and 



so (to) = /o 



72 



s i( T j) = T j-> {if^Jt h 3 = 0,1,2,3,4), 



t 2 . . i, T rir 3 r 4 r 2 

— , s 2 (T 2 )=t 2/ 2 , s 3 (r 3 ) = / 3 — , 

n t 2 r 3 



(3.19) 



S4(t 4 ) = /4 — , 
T4 



(3.20) 



respectively. The action of the diagram automorphisms s^,Sq and S7 are derived by using (3.14) as follows, 

S5 ■ 



S6 



TO 



it 4 T 3 , r 3 



to -> [t(t- l)]«n, n [t(t - l)] - »Tp, 
r 3 -> t~i(t - 1)3 T4 , r 4 ->■ t*(t - 1)~*T 3 , 

r 2 -» [t{t - f T 2 , 

_i _i 1 _i 

-«t 4 r , n— ►! 4 r 4 , r 4 ->i 4 ri, r 2 — > i 2 / 4 r 2 , 



s 7 : 



to 

Tl 

T2 



(-l)-t(t- l) 4 r 4 , r 4 -» (-l)3(t-l)-3r , 

(-l)'(t- 1)"'T3, T 3 -> (-l)-f(t-l)i Tl , 

- 1)~3/ 3 t 2 . 

The algebraic relations of Sj's are preserved in this lifting except for the following modification, 

«iS 2 (r 2 ) = -s 2 Si(r 2 ) (i = 5, 6, 7), 

and 

S5S6T{ , 1,2,3,4} = {i, -i,-l,-i,«}s6S5T{0,l,2,3,4}, 
S5S7T{ , 1,2,3,4} = {«) -1, ij -«} S 7S5T{ ,1,2,3,4}, 
S6S7T{ , 1,2,3,4} = -l,i,i}srS 6 T{ , 1,2, 3,4}- 



Note that one can regard (3.2C) as the multiplicative formulas for fi in terms of r-functions, 



_ T s (r ) _ T 3 s 3 (r 3 ) 
Jo — 7 — r, J 3 — 7 — r, J 4 



T4S 4 (t 4 ) 1 nsi(ri)s 2 si(n) 

31 — t 2 ■ 



T T 3 r 4 



(3.21) 
(3.22) 
(3.23) 

(3.24) 
(3.25) 

(3.26) 



Tisi(ri) nsi(ri) Tisi(n)' 

From these formulas, it is possible to derive various bilinear equations for r-functions. First, the constraints for 
/-variables 

fa = fi —t, fa = fi — 1, 

yield to 

TiSi(n) + T 3 s 3 (r 3 ) - r 4 s 4 (r 4 ) = 0, 
tos (t ) + tTiSi(n) - r 4 s 4 (r 4 ) = 0, 
Tis 2 si(n) + t 3 s 2 s 3 (t 3 ) - tas 2 sa(ta) = 0, 

ToS 2 S (t ) + tTiS 2 Si(n) - T4S 2 S 4: (t4 : ) = 0. 



(3.27) 



(3.28) 



The Backlund transformations (3/7) are lead to the following sets of bilinear equations, 

ao*~ 3 T 3 T 4 - s (t )s 2 s 1 (t 1 ) + r s S2Si(ri) = 0, 
a t~i(t - l)rir 4 - s (to)s 2 s 3 (t 3 ) + t s s 2 s 3 (t 3 ) = 0, 
a tiriT 3 - s (to)s 2 S4(t4) + t s s 2 s 4 (t 4: ) = 0, 



(3.29) 
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ait~2T 3 Ti + si(ti)s 2 sq(t ) - TlSlS 2 S (T ) = 0, 
aii~3T T 4 + s 1 (ti)s 2 s 3 (t 3 ) - TiSiS 2 S 3 (t 3 ) = 0, 
ait^^r T 3 + si(ti)s 2 S4(t 4 ) - T 1 S 1 S 2 S i (T 4 ) = 0, 

a 3 t~^T T± - s 3 (t 3 )s 2 si(t 1 ) + t 3 s 3 s 2 si(ti) = 0, 
a 3 t~^{l - i)rir 4 - s 3 (t 3 )s 2 s (to) + r 3 s 3 s 2 s (r ) = 0, 
a 3 t^^r Ti - s 3 (t 3 )s 2 s 4: (t 4 ) + t 3 s 3 S2S4,{t4) = 0, 

a±t~^T T 3 - S 4 (t 4 )s 2 Si(ti) + T i S 4 ,S 2 S 1 (Tl) = 0, 

-a A t?TiT 3 - s i (T 4 )s 2 s a (T a ) + T^S^SoiTo) = 0, 
-a 4 i _ 5 ToTl _ s i (T 4 )s 2 s 3 (T 3 ) + r 4 s 4 s 2 s 3 (r 3 ) = 0, 

a 2 t~^T 3 TA - si(ti)s 2 so(t ) + so(to)s 2 si(ti) = 0, 
a 2 t~ir T4 - s 1 (t 1 )s 2 s 3 (t 3 ) + s 3 (t 3 )s 2 s 1 (ti) = 0, 
a 2 t~^T T 3 - si(ti)s 2 s 4 (t 4 ) + s 4 (t 4 )s 2 si(ti) = 0, 
a 2 t~ir Ti - s 4 (t 4: )s 2 s 3 (t 3 ) + s 3 (t 3 )s 2 s 4 (t4) = 0, 
a 2 t^TiT 3 - S4,(t4,)s 2 Sq(t ) + so(r )s 2 S4(r 4 ) = 0, 
a 2 t~i(t - 1)tit 4 - s 3 (t 3 )s 2 s (t ) + s (t )s 2 s 3 (t 3 ) = 0. 

3.3 The r-functions on the weight lattice of type _D 4 

Let us define the following translation operators 



To 3 

?34 



S 3 S S 2 S4SiS 2 Sq, 
S 3 S 2 S SiS 2 S 3 S 5 , 



T u = s i sis 2 s 3 s s 2 s 6 , 
T 34 = s 4 s 3 s 2 s 1 s s 2 s 5 , 



which act on parameters on as 



T 03 (a , ai,a 2 ,a 3 ,ai) = (a , ai,a 2 , a 3 , a 4 ) + (1,0, -1, 1,0), 
T\i(ao, ai,a 2 ,a 3 ,ai) = (a , ai,a 2 , a 3 , a 4 ) + (0, 1, -1, 0, 1), 
T 34 (a , ai, a 2 , a 3 , a 4 ) = (a , ai,a 2 , a 3 , a 4 ) + (0, 0, 0, 1, -1), 
T 34 (o!o, ai,Q!2,Q! 3 ,a 4 ) = (ao, ai,a 2 , a 3 , a 4 ) + (0, 0, -1, 1, 1), 

and generate the weight lattice of type D 4 . It is possible to derive Toda and Toda-like equations. 
Proposition 3.1 We have 



T 03 (To)T 03 1 (T ) = t-i 

faiira)^ 1 (t ) = 
T^{To)T 3i l (T Q ) = 
Proof. Note that 



(t 



l)^(logro)' - (logr )' + 1(1 - a - a 3 f + 1 
(* - lJ^IogTD)' - (logro)' + l(«i+ « 4 ) 2 + 1 



'o- 



t 

t - 1 



^(logT )' + l(a 3 -a 4 ) 2 



t 



'0> 



-|(logT )' + l(a 3 + a 4 ) 2 - ^ 



= -/I/3/4 + (0:3/4 + 04/3)72 - l(a 3 + a 4 ) 2 + 



Using Q,Q,(§jg),(f[22|) and ( ggj ), we have 



(t - l)^o - h + |(1 - a - a 3 f + ^ 



(3.38) 



which gives the first equation in (3.36). The other equations are obtained in similar way. I 
These translation operators commute each other except for the action on r-functions. Due to the algebraic 



relations (3.24) and (3.2?;), the commutation relations on tq are described as 



TqzTi^Tq) = -Ti 4 T 3(to), T 03 T 34: (to) = iT34T 03 (T ), 

To3Tm(to) = iT 3i T 03 (T ), Ti^ 34 (t ) = -jT 34 T 14 (r ), 
TuT 34 {t ) = -iT 34 Ti 4 (r ), T 3i T 34: (T ) = T 34 T 34 {tq). 

We introduce r-functions on the weight lattice of type D 4 as 

T k ,i, m ,n = T^T^T1 4 T^(to), k, l,m,n € Z. 



(3.39) 



(3.40) 



In terms of this notation, the 24 r-functions in the bilinear equations (3.28)-(3.33) are expressed as follows, 

to,o,o,o = to, n ,-i,-i,o = -[*(*- l)]*n, n,o,-i,-i = U*t 3 , ri >0 ,o ,-i = i(* - i)*74, 

72,0,-1,-1 = -So(tq), n, 1,0,-1 = [t(t - !)] * s l(7l): 



n,o,o,o = ii 4 s 3 (r 3 ), n.o.-i.o = i(t - l) 4 s 4 (r 4 ), 
71, -1,-1,-1 = s 2 s (t ), 76,0,0,-1 = ~[t(t - l)] I s 2 Si(ri) J 
to, -1,0,0 = -it^s 2 s 3 (T 3 ), r ,-i,-i,o = i(t - l)3s 2 s 4 (r 4 ), 

n, 1,0,-2 = -siS 2 s (to), n,-i,o,o = - s 3S2So(r ), n,_i,_2,o = s 4 s 2 so(to), 

72,0,-1,-2 = [t(t - l)]'SoS 2 Sl(ri), 7-0,0,1,0 = ~ 1)]*S 3 S 2 Si(ti), 

t-0,0,-1,0 = -[*(* - l)]^s 4 s 2 si(ri), 
72,-i,-i,-i = -^ 3 sos 2 s 3 (r 3 ), 70,1,1,-1 = it 3 sis 2 s 3 (r 3 ), 7u,-i,-i,i = -it* SiS2S 3 {T 3 ), 

7-2,-1,-2,-1 = i(f - l) 3 «0S2S 4 (r 4 ), 7-0,1,0,-1 = -i{t - 1) 3 sis 2 S4(t- 4 ), 

t-0,-1.0,1 = i(t - l) 3 s 3 s 2 s 4 (r 4 ). 



(3.41) 



(3.42) 



Toda equations (|3.36|) yield to 



= 

7-fc,i-j-l,77i,n7"fe,2 — l,m,n 



, , (1 — ao — a 3 — 2k — m — n) 2 1 
(* - l)-^(logr fc ,i, m , n ) - (logr fe ,i >m , n ) H h- 



at 



7"fc,Z,m+l,n7"fc,Z,m — l,n — 



7~fe , I , m , n + 1 7ft ,/ , m , n — 1 



i - 1 

t - 1 



-^(l°g7"fe,;,m,n)' 





4 




(ai + a 4 - 


f 2/ - m 


+ nf 




4 




(a 3 - a 4 H 


-k-l + 


2m) 2 




4 




(a 3 + a 4 - 


- fc + I + 


2n) 2 



k.l.m.n ? 



' k.l.m.n i 



' k,l,m,n i 



'k,l.', 



(3.43) 
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It is easy to see from (3. 26), (3.40) and ( [3.41 ) that we have 

^~k,Lm,n^~k-\-2,l,'m— l,n— 1 



Tin rpmrril rpk { £ \ 
34 J 34 J 14 J 03U0j 

Tin rpTflrpl rpk f P \ 
34 J 34 J 14 J 03U3j 

rp7l rpmrpl rpk ( £ \ 

1 34 J 34 1 14 J 03U4j 

Tm rpmrpl rpk ( £ \ 
34 J 34 J 14 J 03U2j 



t*(t - 
(t-1) 

1 

£3 



12. 



Tk+l,l-l,m-l,nTk+l,l + l,rn,n-l 
Tk-\-l,l,m — l,n — lT~k-\-l,l,m,n 
Tk+l,l~l,m-l,nTk+l,l + l,m,n-l ' 



(3.44) 



fHl,i-l,m-l,nTHl,!+l,m,n-l 

— I Tk-t-l t l-l,m-l,n1~k+l,l + l : m,n-lTk,l,m,n-l 



= -(*-! 



''fe ,i , m , n + 1 , Z , m — 1 . n — 1 Tfc + 1 , 1 , m , n — 1 



4 Construction of a family of algebraic solutions 

It is known that one can get an algebraic solution of Painleve equations by considering the fixed points with 
respect to the Backlund transformations corresponding to Dynkin automorphisms [^8[ [l5| . Iteration of Backlund 
transformations to the seed solution gives a family of algebraic solutions, which are expressed by the ratio of 
some characteristic polynomials, such as Yablonskii-Vorob'ev, Okamoto and Umemura polynomials. These 
polynomials are defined as the non-trivial factors of r-functions and generated by Toda type recursion relations. 

In this section, we construct a family of algebraic solutions to the symmetric form of Pyi by following the 
above recipe. 



4.1 A seed solution 



Consider the Dynkin diagram automorphism sg to get a seed solution. By (3.9), the fixed solution is derived 
from 

f 1 f hifih + "2) ^ 
a =a 3 , ai = a>4, 74 = 7-, J2 = • (4.1) 

J4 t 



Then, we obtain 



f = X - X 



(a , ax,a 2 , a 3 , a 4) 
h = x-l, fi = 



a, 6, ■ 



a — b,a,b 



1 



1 



2 V 2, 

as a seed solution, which is equivalent to the following algebraic solution of Syi, 



1 



for the parameters 



x, p 



K 



1 



Ki = a, 



(4.2) 



(4.3) 
(4.4) 



Remark 4.1 Equation (4-4) gives a plane in the parameter space. One can choose the other diagram automor- 
phism, e.g., S5, to get a seed solution. Such a solution exists on the other plane and can be transformed to (l-i) 
by some Backlund transformations. The seed solution (4-i.) is the simplest one. 



Under the specialization of 

7 



h 



, the Hamiltonians hi and r-functions Ti are calculated as 

8a + 3 + 86 2 ), 



—x 2 + -(2a + 2b - l)(2a - 2b - l)x + —(8a 2 
16 8 Id 

h = - j^x 2 + -{2a + 2b- l)(2a -2b+ l)x + -7;(8a 2 + 8b 2 
16 8 16 



7), 



8 



hi 
hi 



_I X 2 + I(4 a 2 - Ab 2 - l)x + l(8a 2 + 8b 2 + 7), 
8 4 8 

3 1 1 

—x 2 + -(2a + 2b- l)(2a -2b- l)x H (8a 2 - 

16 8 16 

—x 2 + -(2a + 2b - l)(2a - 2b + l)x + —(8a 2 + 
16 8 16 



a + 7 + 86 2 ), 
b 2 -8b + 3), 



(4.5) 



and 



TO = 


J — 


i) q2 - 


-a+f^-^+a-b 2 


-i(x + l) b2 +^ 


n = 


(x — 






(x+l) b2 - b +^ 


T 2 = 


(x — 


l) 2fl2 




-(x + l) 2b2+1 , 


T3 = 


(x — 


1) q2 ' 


-a+§ x -a 2 + a-b 2 


-i{x + lf+^ 


r 4 


(x — 


l) a2H 




{x + lf- b+1 * 



up to the multiplication by some constants, respectively. 



(4.6) 



Usin g the multi plicative formulas ( 3.26 ) and the bilinear equations ( 3.28 )-( [3.33| ), we get the 24 r-functions 
in ( 3.41 ) and ( 3.42 ) . These are expressed in the form of 



m + n — 1 ~ —m + n 
a = a + fcH , b = b + I -\ , 



(4.7) 



where Uk,Lm,n are given as follows, 



i (1 \ 11 

oo, o,o,o — 1, fi, o.o.o — °"o, -1,0,0 — \ ~2 ~ a I 1 (Tl '- 1 - ' ~~ ~2 \ o a 



a-0,0, -i,o = ^ ( g - a + & 



^o, -1,-1,0 = 2 ( 2 _ a ~ ^ t '•" = '• rT| --i--J--i | 



•1, 



11 

oo, 0,0,-1 — 2\2~ a ~ ^o, 1,0,-1 



i / 1 



2 V2 
1 fl 



o"i, 0,-1,-1 = i, o- 2 ,o,-i,-i = l, o-i, -1,-1,-1 = - I - - a - b ) , (T 2 ,-i,-i,-i = - ( - + a - 6 ) , 



a + 6 , err n,o,-i =«, ci i o,-i = l, 



« /l 



2 V 2 



(4.8) 

(4.9) 
(4.10) 
(4.11) 



0-0,-1,0,1 — 2 



— — a — b ) x — I — + a — b 



0-0,0,1,0 



0-0,1,1,-1 - 2 



+ a — 6 1 x 



a — b 



0-0,-1,-1,1 



--a + bjx+^--a-h 
\-a-b\x+(\-a + b 



(4.12) 



(4.13) 



0-1,1,0,-2 



0-1,-1,-2,0 — 



a — b ) x + ( — — a + b 



a + b ) x + ( — — a — b 



(4.14) 
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02,-1,-2,-1 — 



^2,0,-1,-2 — 



+ a — b ) x 



— a — b\ x — 



a — b 



-b 



(4.15) 



4.2 Application of Backlund transformations 



Assume that Tk t i im ,n ar e expressed as (4.7) for any k,l,m,n S Z. Substituting «o = a 3 — fl j ai = a4 = 6 and 
(4.7) into (3.43), we obtain the Toda equations for (Jk,i.m,n- The first two equations yield to 

(x + l) 2 V 2 - (a + b)(a-b) 
(x-l) 2 V 2 -(a + b){a-b) 



,m,n&k— l,l,m,n 



,l-\-l,m,n&k,l—l,7n,Ti 



&k,l,m,n ' ^fc,i,m,n) 



(4.16) 



where we denote as 



The others are reduced to 



D 2 a ■ a = x(aa — a 2 ) + aa, a = — 



da 
dx 



(4.17) 



4<7fc,i,m+l,n0fc,Z,m-l,n = {x — l)x(x + 1) (cTfc J TO , n (7fe J TO n — o\ j m n ) + (3x 2 — l)(Tfc,i,m,n0fc,i,' 



a — + m — — 



a — b + 3m + — ) — n(n + 1) 



d-b + m--)[d + b + n-^-) l > a 2 kl 



4CT/c,i,m,n+10fc,i,m,n-l = {x — l)x(x + X)(<ik,l,m,nVk,l,m,n ~ &k,l,m,n) + — l)^,l,m,n^,!: 

1 



(4.18) 



a + fe + n— -I a + & + 3n+-l — m(m + 1) 



a + b + n — - I la — b + m — — } \ a 2 



k,Lm,n ' 



(4.19) 



with 

a = a + /c, b = b + I. 

Toda equations ( 4. 16] ) and ( 4.18 ) with the initial data (|Q|)-( 4Tl5|) generate <Jk,l,m,n = ^h,l,m,n (%', a,, b) for 
k,l,m,n e Z. From ( 3.44 ) and (1.7), we see that the ratio of ak,i,m,n gives a family of algebraic solutions 
to the symmetric form of Pvi- 
Noticing that we have 

T 14 T fc 3 (ao, ai, a 2 , a 3 , 04) = ( a, S, - - a — b, a, bj , (4.20) 



under the specialization (4.2), we see that the action of T 03 and T 14 on the parameter space is absorbed by shift 
of the parameters a and b, respectively. This suggests that we do not need to consider the translations T 03 and 
T14 in order to get a family of algebraic solutions of Pyi • 
To verify this, we put 



o'k.i 



^k,l.m,n 



Uk,i,m,n{a,b), k,l,m,neZ. 



(4.21) 



The constants 0Jk,i,m,n are determined by recurrence relations as follows. With respect to the indices k and ?, 
Uk,l,i,j with = (-1,-1), (-1,0), (0,-1), (0,0) are subject to 



4k>fc+i,;,i,jWfc-i,;,i,j — - 



a — b + i 



1 



d + b + j 



a — b + i — — 



(4.22) 
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The initial conditions are given by 



i /l 



wo,o,o,o = l, wi,Q,o,o=i w ,-i,o,o = — ( ^ - a- & ) , wi,_i, ,o = - 2 ( 2 + a ~~ & 



2 V2 



1 / 1 



w l, 0,-1,-1 — *! u 2, 0,-1,-1 — 1 ^1,-1,-1,-1 

Note that these imply 



2 \2 

2 V2 
1 fl 



w ,o,-i,o = ^ Q -a + b ). ^11. -.1.. i..n 



Wi,o,o,-i = ^1,1,0,-1 = 1 ^0.0,0,-1 = 77 (- ~ a ~ & ) ' ^0,1,0,-1 = - 2 ( 2 - « + ^ 



a — b], ^1,0,-1,0 = i, ^1,-1,-1,0 
i fl 



i I 1 



2V2 a " 6 j' ^,-1,-1,-1=2 2 +a " 5 



H,i,-i,-i — ^4,z,-i,o — Vfc,;,o,-i — Vfc^o.o — 1, k,l G Z. 
For the indices m and n, we set 



8wfc,2,m+i,nWfc,i !m _i !n = [ a — b + m 

^k,Lm,n+l^>k,L7n,n-l = ( a + b + n 



^k,l,m,m 



^k 



(4.23) 

(4.24) 
(4.25) 
(4.26) 

(4.27) 
(4.28) 



Thus, (jJkj,m,n are determined for any k,l,m,n 6 Z. As a result, the functions V k ,i, m ,n — Vk,i, m ,n{x;a,b) 
introduced in ( 4.2l| ) have a symmetry described in the following lemma. 



Lemma 4.2 We have 



(x; a, b) = Vo t o t m tn (x; a + k,b + I). 



(4.29) 



Proof. Toda equations (4.18|) are reduced to 



- ^Cl — b + m — 14j,m+l,nl4,l,m-l,n 

= (x - l)x(x + l){Vk,l,m,nVk,l,m,n ~ Vk,Lm,n) + - ^)Vk,l,m,nVk,l, m ,n 



a — b + m — — 



a — b + 3m + — j x + (a + b + n — — 



n(n+l)x } V k l , 



(4.30) 



- ^a + b + n — -^j 14, i, m , n +l Vfc,2,m,n-l 

= (x - l)x(x + l){Vk,l,m,nVk,l,m,n ~ Vk,l,m,n) + ~ l)Vk,l,m,nV k ,l, m ,n 



+ { ( a + b + n- - 



a + b + 3n + — j x + (a — b + m — — 



m(m + l)x } V k l 



Then, we see that Vk,i. m ,n(x; a, b) satisfy t he sa me Toda equations as Vo,o, m,n(x; a + k,b + I). Since the initial 
conditions are given by ( 4.27 ), we obtain (|4.29| ). I 



On the other hand, we have from fT4l|) , (pJ7|) and ( p~2l[ ) 

Cfe,i,m,nO'fe+2,i,m-l,n-l 



T? 4 T™ 4 Tl 4 T K 3 (f ) = x(x-l)- 
— x(x — 1) 
The ratio of ui's is calculated as 



%lJ-l,m-l,ntft+lJ + l,m,n-l 

^k,l,m,n^>k+2,l .m—l.n— 1 Vk ,Z,m,n V k +2A , m — 1 , n — 1 

k + 1 , 1 — 1 , m — 1 , n W k + 1 , Z + 1 , fn , n — 1 14+ij-i ,m— l,n 14+i 

,£+l,m,n— 1 

Wfe,(,m,n w /!+2,(,ro-l,n-l 



Wfe+i i-i.Tn-i^WAs+i^+i m ,n-l 



-1. 



(4.31) 
(4.32) 
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Similarly, for / 3 , / 4 and f 2 , we get 

^>k+l,l,m-l,n-l<^k+l,l,m,n 



^k+l,l-l,m-l,n^k+l,l+l,m,n-l 



WHl,i,m,n-l w fc+l,I,m-l,n 
k>k+l,l-l,m-l,nUk+l ,l+l,m ,n— 1 



Wk+lJ-l,m-l,nWk+lJ+l,m,n—lUk,l,m,n-l ' 
■ = -~ I a- 



1 

n 

2 



(4.33) 



^k,l,m,n^>k+l,l,m-l,n-l^k+X,l,m,n-l 

The above discussion means that we can put k = I = without loss of generality for our purpose. Hence, we 
denote Vo,o,m,n = V m , n - 

Moreover, it is observed that V m . n = V m , n (x; a, 6) (to, n G Z) are polynomials in a, 6 and x with coefficients 
in Z. We will show this in the next section by presenting the explicit expressions. 



Proposition 4.3 Let V w 



1 



V mn (x;a,b) {m,n G Z) be polynomials generated by Toda equations. 



— [a — b + m— — ]V r 



(x - l)x{x + l){V m , n V m , n - V n ) + (3x - l)V m , n V m , n 



a — b + m — — 



a — b + 3to + — ) r 



a + b + n — — 



- n(n + l)x } V 7 



r2 



= (x - l)x{x + i)(V m>n V m>n - y„ 2 l-n ) + {3x z - l)V m>n V mtn 



a + b 

with the initial conditions. 



1 

U -2 



a + b + 3n+—)x 



a — b + m — — 



- m(m + l)x \ V 



Then, 



fo = x(l - x) 
h = {x-l) 
fi = x 



= V-xja = V ,-i = V Qfi = 1. 

Vm,n(x; a, b)y m _i,n_i(x; a + 2, 6) 
V r m -i,„(a;; a + 1, 6 - l)Kn,™-i(a;; a + 1, b + 1) ' 
V m - lt n-i(x; a + 1, 6)^^(3;; a + 1, 6) 
(a;; a + 1, b — l)V m ,n-i(x; a + 1, b + 1) ' 

+ l,6)K l _i, ri (a;;o+ 1,6) 



V m -i >n (x;a+ 1,6- l)V r m , n _i(x; a + 1,6+1)' 

. 1 f ^ \ b \ 71 :r -i ^-i.»( a; ' Q + l)Kn,n-i(a?;a+ 1,6+ l)F mi „_i(x; a, 6) 

2\ 2/ Kre,„(x; a, 6)K l _i i „_i(x; a + 1, b)V m ,n-i(x; a + 1, 6) 

satisfy the symmetric form of Pvi for the parameters 

(ao, ati, 012, 013, 0:4) = fa, 6, — — a — 6 — n, a + to + n., 6 — m + n 



Furthermore, the bilinear relations for V m . n are derived from (3.2S )-(3.33) . 
Proposition 4.4 The polynomials V m ,n{x;a,b) satisfy the following bilinear relations, 

:( lW {hO) 1/(1,0) _ y(l,0) y(l,0) _ Q 
'm-l.n 'm,n-l T V* -V v m — l,n — 1 v m,n f m,n— 1 y m— l.n u ) 

fa- 1^(0,0)1/(2,0) (1-1) (1,1) F (i,o) F (i,o) Q 

V**' x / r m,n m— l,n— 1 rn — 1 , n * rn . n — 1 1 r m,n— 1 m— l,ri ' 

y (l,-l) y (0,0) _ f lly (l,0) T/(0,-l) , y(l,0) y (0,-l)_ 

(x+DV^V^-^ _a;V (1,-1) V (0 ' 0) - F (1|0) V {0 = 

yo- i ^}^ ra ,n v 771—1,71—1 m — l,n r m,n — 1 r m,n — 1 r m— l,n w ' 



(4.34) 



(4.35) 



(4.36) 



(4.37) 



(4.38) 



12 



4,aV (1 ' Q) V {1 ' 0) +2is (x- 1)V {2 ' 0) V im - T/(°'°V (2 ' 0) - 

wv m-l,n-l v m,n-l ' ^n^X 1 ) v m-l,n-l v m,n-l v m,n v m-X,n-2 — U J 

9„t/(1> _1 )t/( 1 >0) _ „ 1/(2,0) 1/(0,-1) _ ,. t/(0,0) T /(2,-1) n 
iu 'm-l,n'm,n-l "n v rn-l,n-l v m,n f'm+l v m,n "m— l.n — 1 ' 

MX %-l,n'm-Ln-l ^nl^ i -) v m-l,n-l v m-l,n v m,n v m-2,n-l ~ u , 

46 T/(1.0) y (l,0) _ 2 f _ +1 ^y(l,l) t/U.-I) ,t/(1.-1)t/(1,1) _n 
*°*fn-l,n-l v m,n-l * v n\- L T 1 ) v m ,n-l v m-l,n-l ' v m-l,n v m,n-2 — u ' 

4fox T/(0,0)T/(l,0) _„ f« + 1 \y(l.l) y(0,-l) ,^(1,-1)^(0,1) _ 
* uv m,n v m-l,n-\ Un v m,n-l v m-l,n ' H-m v m -l,n v m,n-l ~ u > 

4(a + rn + n)^ )*^ - 2^(z - l^V^ - ft-ift = 0, 
2la + m + ra > )V (1, ~ 1 V (1 * 0) - 1/ V r ( 1 '°)V (1,-1) -u^F^ yC 1 - 1 ) - 

V ' ' J m — l,7i m,n — 1 u nv m ,n v m—l,n—l P™+l'm-l,n-l"m,n — u ' 

4(a + rn + n)^ )^ 1 ^ + 2i/ n ( iC - l^V^ ™ Ki-ViK^+i = °> 
2f& - m + n)W°'°V (1 ' 0) - 1/ F (1 ' 0) F (0 ' 0) + u F (1 ' 0) y (0,0) -0 

z (° f ' l T"rra,n r m-l,n-l ^ *m-l,n r m,n-l t A*m r m,n-l "m-l.n — U ' 

4(6 - m + ^xF^^Vi ~ 2 ^ + WtVv^l, + V^V^l = 0, 
4(6 - m + n)V£$v£r& ~ 2v n {x + l)V^l n V 7 ^ + K^liVf^+i = 0, 

2y (l,0) „(1,0) , mw(U) t/(1-1) , / _ ^1/(2,0) y (0,0) _ 
zl m-l,n-l v m,n-l \ x ' ^ v m,n-l v m-l,n-l ' V x 'ro-l.Tl-l v m,n-l — u > 

23-F(°'°V (1 ' 0) - (V 4- V(° - (y - llV^ )^ ' ' =0 

771)71 rn,n — 1 \ 1 J m,n — 1 v m,n V 1 ^ J y m,n y m.n—1 ' 

2^(0,0)^(1,0) _ y (i,i) y (o,-i) _ y (i,o) ^(0,0) 

r m,n r m— l,n— 1 m,n— l m— l,n m — l,n m,n— 1 ' 

oy(0,0)y(l,-l) _ / , 1\T/(1,0) T/(0,-l) , /■ _ i\y(l,0)y(0,-l) = q 
v m,n m— l,ri V"^ 1 J v m— l,n m,n 1 V / v m,n y m — l,n ? 

2a:V r(:l, ~ 1 V (1,0) - fa 4- 1W (1,0) V* 1 ' -15 - fx - nt/ (2 ' 0) l^'^-O 

^ J,v m— l,n v m— (^ ^ L ) v m-l,n v m-l,n-l ^ x 1 / *m-l,n-l K m-l,n — u ' 

(1 1) (1,0) _ y(l,0) y (l,-l) _ y (2,0) ^(0,-1) = q 
m — l,n r m,n— 1 r m,n r m— l.n— 1 * m— l.n— 1 * m,n w ' 



where we denote as 



Mm = o- 6 + m--, i/„ = a + 6 + n - -, 
K» fc n } = F m ,„(x;a + fc,6 + Z). 



(4.39) 



(4.40) 



(4.41) 



(4.42) 



(4.43) 



(4.44) 
(4.45) 



Conversely, by solving the bil inear relatio ns (4.38| )-( 4.43 ) with the initial conditions ( 4.35 ), one can get 
the family of algebraic solutions (4.36) with (4.37). Even though these bilinear relations are overdetermincd 
systems, the consistency is guaranteed by construction. In order to show Theorem 2.2, we will prove not Toda 
equations (1.34) but the bilinear relations (4.38|)-(4.43). 



5 Proof of the determinant formula 

In this section, we give a proof of Theorem [2.2| . 

Proposition 5.1 We have 

V m , n (x;a,b) = (-2a;) m ( m + 1 )/ 2 (-2)"("+ 1 )/ 2 e m e„^ m ,„( a; ;a,6), m,n E Z, 
where S m ^ n — S m ^ n (x; a,b) is defined in Theorem 2.i and £ n is the factor determined by 

Cn+lCn-l = (2n + 1)£ 2 , £_i = Co = 1. 



(5.1) 
(5.2) 
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From this Proposition, it is easy to verify that V m ^ n (x'> a, b) are indeed polynomials in a, b and x with coefficients 
in Z. 

Substituting (5.1) into ( 4.36| ), we find that Theorem 2.2 is a direct consequence of Proposition 5.1. Taking 



(2.5), (J276|) and (5.1) into account, we obtain the bilinear relations for R m .n- 



Proposition 5.2 Let R m . n be a family of polynomials given in Definition 2.1. Then, we have 



^(0,-1)^(1,1) +(x _ 1)R (o,o) R (l,0) _ xR (P,-i) ^(1,1) =0 

ML m— l,n-"'m,n— 1 ' I J -J ±L m—l,n—l , "m,n J ' ll 'm,n-l'"'m-l,n 

(x- 1)R( -°)R {1 ' 0) - xR^'-V i? (M) +r(°'-Vr (1 'V -0 

± J 1L m,n - Lt m~l,n-1 ■ hJ Sn-l,n J - > "m,n-l ~ 1 L m,n- 1 1 L m— l,n u ' 

„(i,o) ^(0,0) _ f - + 1 \D(U) p(o -1) , -pCLf) p(°.°) -0 
fa; + 1^ 1 ' 1 ) R (0 - X) -:ri? (1 ' 0) i? (0 ' 0) -i? (1 ' 0) i? (0 ' 0) -0 



(5.3) 



(2c - d - m - n)R%%Rt~V + c (x - l)R^{ n R^ + (2n + l^'^ifc^Li = 0- 

(2c - d - m - n)B^% n B^S-i ~ ^-L-iR^ - (c - ^M-tLi = 0- (5.4) 

(2c - d - m - r^V^S-i - c(x - l)*^^- 1 ' + (2m + l^iCL^i-i = 0, 

(d + m — n)i2^1_i , n -Rm,n — c(x + l)i?^ l ' n -'i?^ l _ 1 — (2n + l)-RL-l,n+l^m'n-l = 0, 

(d + TO — n^-R^^i?^,^ — c(lE + l)i?J re ' n _ 1 ii^ l ^' — (2to + 1)^-Rm— l,n-^m+l,n-l = 0' (5-5) 

(d + TO — Jl)ii^!^ ^m— 1,71-1 — c ^m,n-l-^m-l,n ' + ( c ~ ^)-^m-l,n-^m|n— 1 = ^' 

(2C - d + TO + njl^i^jli - c(z - l)^^*-! + ( 2W + ^^^n-L-l^m+L = 0, 

(2c - d + to + n)^,^^ - cii^i^-Vn-i - (c - d^-ln-i^^ = 0, (5.6) 
(2c - d + to + n)i#;M-ln + c(z - l^^'-S + (2n + l)#£-i,n-i<« + i = °, 
fw - ™ 4- n )p(»,o) r(°>°) -^pC 1 * 1 ) pC -1 '- 1 ) j- r,. _ ,n p(° - 1 ) pC ' 1 ) -n 

\ a ) yyi.TL m — 1,71 — 1 crl m-l,n rl m,n-l "T" ( c u ) rl m,n-l rL m-l,n ~ u > 

(d — TO + Tl)ai2|^|^ii m | r ^_ 1 — c(x + l)-Rm|n^L,n'-l ^ — + ty x Rm+l,n— X^rn— l,n = ^' (5-7) 

(d — TO + 7l)i2^^ -^771-1,71 — C (' C + l)-^m-i,n^m,n' ' — (2 71 + l)^L!n-l^m-l,ri+l = 0, 

2 r(°. ) p(o.-i) _ ^ + 11 p(i.i) p(-V 2) + (x - 11 R (1 '°l R(- 1 " 1 )=0 
2r/? (0 ' 0) R (0 ^ 1} - f r 4- 117? (1,1) R^" 1 " 2 ) - O - ll/? (1 ' 0) = 

^^■-i ^ mri Jl -m,n — 1 V*^ ^ / 7n,n- 1 m.n V*^ / u m,n *"m,n — 1 w ' 

op(0,0)d(0,0) _ p (l,l) R (-i-i) _ n(l.l) p(-i -i) = n 

• i - n 'r7i,n J1 "m— l,n— 1 -^771,71— l^m — l,7i Jx m—l,n ri m,n—l u ' 
O P(0.0) 0(0-1) _ r , 1^(1,1) p(-l -2) , / _ in 0(1,0) n(-l -1) _ 

2xi?^' n ^ Rm^n — 1 — + l)^m'n^^m,77 — 1 — — ^)^m,n— l^m,n' ^ — ^7 

or(0,0) ff (0,0) _ „(1,1) p(-l-l) _ R (1,1) 7 ? (-l,_l)_ n 
L m — l,n t m,n— 1 L m,n JL m— l,7i— 1 L m—l,7i — l L m,n u ' 

where we denote as 

RM = R m Ac + hd + .]). (5.9) 



(5.8) 



From the above discussion, now the proof of Theorem |2.2| is reduced to that of Proposition |5.2| . 

It is possible to reduce the number of bilinear relations to be proved by the following symmetries of R r , 
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Lemma 5.3 We have the relations for m,n £ Z>o 

R71 , m ( % ) — ^m,n(*^); 
flm,»(-C s -d) = (-l) m(m+1)/2+ ' l( " +1)/2 i? m ,„(c,d), 

i^-rr; c, 2c - d) = (-l) m < m + 1 V 2+n W 2 R m>n (x; c, d). 



(5.10) 

(5.11) 
(5.12) 



Proof. The first relation ( 5.1 0| ) is easily obtained from the definition (2.1) and ( |2 .3| ) . To verify the second 
relation ( [5.11 ), we introduce two sets of polynomials pk = Pk C ' d \ x ) an d 9fe = <lk' d \ x )i k E Z, by 



^p k c ' d) {x)\ k = G(x; -c, -d- -A), pf d \x) = for k < 0, 



(5.13) 



(c,d), 



where G is the generating function (2.2). Since we have 



G(x; — c, — d; —A) 
G(x; c, d; A) 



(l-A 2 )- c+d (l-x 2 A 2 ) 1 



we see that 



Pk{x) =Pk(x) +^2pj(x)p k -2j(x), q k (x) =q k (x) +^2pj(x l )q k -2j(x), 

3=1 3 = 1 



(5.14) 



(5.15) 



where pj(x) — Pj(x; c, d) are some functions. Therefore, R m ,n for m, n £ Z>o can be expressed in terms of the 
same determinant as (2.3) with the entries pk and % replaced by pk and g^, respectively. Noticing that 



pt d \x) = (-lfp{7 c - d \xl t d \x) = {-l)* q £°>-*>{x), 



(5.16) 



we obtain the relation ( 5.11 ). The third relation ( 5.12 ) is verified similarly. 



By the symmetries of R m ,n described by (2.4) and Lemma 5^3, it is sufficient to prove the following bilinear 
relations for m, n £ Z>o, 



CT^lW^ypC- 1 ! --r/? (1 ' 0) 7? (0 ' 0) - p( 1 >°) p(0,o) _ n 
v x ' L ) rL m,n - n 'm— l,ra— 1 " t, - n *ro— l,n-* v m,n— 1 /l m,!i-l' n m-l,tt u ' 



(d + rn n)R^'^ i? m !_ ln _ 1 c R m ,n-i^m-i,n + ( c d)R m '_ ln R mn _ 1 —0 

Op(0:0)n(0,0) _ pC 1 * 1 ) p("l -1) _ p(l.l) p(-l-l)_ n 

^ r '"m,n ■ n- m— l,ra— 1 ■ n "m,n— 1 m— l,n ^"m— l,n m,n— 1 ' 

00(0,0) „(o,o) _ ff (i,i) fl (-i,-i) b (-i,-i) =0 

l m-l,n l m,n-l Xl m,n Jl 'm— l,n— 1 m— 1 Xl/ m,n w ' 

op(0,0) p(0,-l)_/ , -,Np(l,l)p(-l-2) , ,,,„(1,0) „(-!,-!) _ n 
^ L m — l,n A L m,n V" ' ± /- LI 'm,n Mv m—l,n ~ V 1 ' ^ ! ±L m—l,n ±L m,n 

From the symmetry ( 5.12[ ) and the bilinear relation (5.17), we have 

(x-lW°' Q) R (m - xR (0,_1) + i? (0,_1) i? (M) -0 

V**' v'Vn -"-m-l.n-l *"m- l.ri^ Sn.n- 1 ' J L m,n- 1 J Sri- l,n u - 



Then, it is possible to derive the bilinear relation ( |5.22j ) as follows, 

i^!°L x (5.20)1^-1 - J&„ 3) x Q + R^Xn x (raic^c-Ld^d-i = jfc^-x x (PD- 



(5.17) 

(5.18) 
(5.19) 
(5.20) 
(5.21) 
(5.22) 

(5.23) 
(5.24) 



Therefore, the bilinear relations to be proved are (5. 17)- (5. 21). 
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In the following, we show that these bilinear relations ( 5. 17 )-( 5.2l| ) are reduced to Jacobi's identity of 



determinants. Let D be an (m + n + 1) x [m + n + 1) determinant and D 



the minor that 



n «2 • • • ik 
h h ■■■ k 

are obtained by deleting the rows with indices . . ,ik and the columns with indices ji, . . . , jfc. Then, we have 
Jacobi's identities 



D ■ D 



to m + 1 
1 to + n + 1 



= L> 


TO 






1 





m + 1 

TO + 71 + 1 



m 

TO + 71 + 1 





TO + 1 


1 





D • D 



TO TO + 1 

1 2 



m 
1 



TO + 1 

2 



D • D 



1 TO + 1 

2 to + n + 1 



= D 



D 



m + 1 
m + n + 1 



— D 



TO 

2 
1 



777, + 1 
1 



777 + 77+1 



D 



777 +1 

2 



First, we give the proof of the bilinear relations ( 5.17 )-( 5.19 ). We have the following lemmas. 
Lemma 5.4 Put 



D 



(c—m—n,d—m—n) 
(c—m—n,d—m—n) 



(c—m—n,d—m—n) 

^-m-nAc-rn-n.d-m-n) 
A P2n 



(c — m—n-\-l,d—m—n) 
(c—m—n-\-l,d—m—n) 

% 



(c— m— n-\-l,d— m— n) 
1lm-\ 

„-m— n +l„(c-fn-7i+X,<i-m-T 
x ^2n 



x -m,-np(c-rn-n,d-m-n) ^_ m _ n+ i^(c-m-ri+l,(2-m-n) 



Then, we have 



(c-l,d-2) (c,d-l) 
m— n+3 m— n+2 

(c-l,d-2) (c,d-l) 
m— n+5 m— n+4 



(c-l,d-2) (c : d-l) 

*?m-n+l ym-n 

_1 (c-l,d-2) (c,d-l) 

Kn ^2n 



_i (c-l,d-2) (c,d-l) 
_1 (c-l,d-2) (c,d-l) 



(5.25) 

(5.26) 
(5.27) 



(5.28) 



D = (-l) m (l + ^- 1 ) ro+ "i^^, D 



TO TO + 1 

1 TO + 77 + 1 



777 
1 



- B {0 - 1] D 



TO + 1 

TO + 77 + 1 



— x -"-m — l,n — H 



777 

777 + 77 +1 



= {-l) m x- n (l + x- L ) 



l^m+n-1 pC-ii-l) 



777 +1 
1 



(0,-1) 



(5.29) 



Lemma 5.5 



— (c—m—nM—m — rt 
§3 



~(c—m—n.d — m — n 
s-lc— m— n,d— m— n 



■*{c—m—n.d~m — n 
P2 

■^(c—m—n.d—m — n 

Po 



X 
X' 



(c—m—n,d—m—n — l) 
It 

(c—m—n,d—m—n—l) 



(c — m— n,d— m— 7i— 1) 

i,-n+l n {c-m-n,d-m-n-l) 
P2n+1 



-n+l (c— m— 7i,(i— 771— n— 1) 
P 3 

-Ti+l (c— m— 7i,d— 771— n— 1) 
^1 



(c-2,d-3) 
?-m-n+3 

(c-2,d-3) 
^— m— n+5 



(c-2,d-3) 
Vm-n+1 
_1 (c-2,d-3) 
* P 2 n+1 



_1 (c-2,d-3) 
_1 (c-2,d-3) 



(c-l,d-2) 
9-m-n+2 

(c-l,d-2) 
y— m— ra+4 



(c-l,d-2) 

(c-l,d-2) 
P2n+1 



(c-l,d— 2) 

(c-l,d-2) 
Pi 
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with 



P2k 

Then, we have 



m -n (c-m-n,d-m-n) 

(c — m — n,d—m — n) ~(c—m — n.d—m — n) "2k— 1 

P2k ! Q2k-1 



2k +1 



(d - m - n + 2k - 2)x 



(5.31) 



m+n 



Y[ (c- m- n + j - 1) 



£> = (-l) m+n (l +a;) m+n a;- m 



d(0,0) 



to 

m + n + 1 



\m+n-l{-\ _j_ ^m+n-l x -m-n 



(-l) m+ "- i (l + a;) r 



m + 1 
m + n + 1 



■jm+ra— lf-| _,_ ^ro+n— l^,— m— n_ 



= (-l) m +"- 1 (l + .x) ? 



m-n + 2i-2) JJ(2fc + l) 

fc=0 

m+n— 1 

][ (c-m-n + j-1) 

J- 1 d( -1 > -1 ) 

m-l n ^m-l.n ' 

(d - m - n + 2i - 2) J| (2A; + 1) 

i=l k=0 
m+n— 1 

j I (c — m — n + j — 1) 

m n — 1 

J|(d - to - n + 2i - 2) JJ (2fc + 1) 



-i?. 



(-i-i) 

m,n— 1 ' 



t=l 



fe=0 



m 
1 



-"-m-l.n+l' ^ 



m + 1 
1 



±L m,n ! ^ 



TO TO + 1 

1 TO + 71+1 



„„(-2,-3) 
-""m-l.n • 



(5.32) 



Lemma 5.6 Put 



D = 



~~(c,d—m—n 
-~(c,d—m—n 



-~(c,d—m—n 
#2ra-l 
s4cA—m—n 
Pin 



^{c.d—m—n 
P2 

■"icA—m—n 

% 



(c—l.d—m — n—1) 
(c—l,d—m—n—l) 



(c—l,d—m—n—l) 
92m- 1 

I i\m+n-l r .(c-l.d-m-n-l) 
V J-J P2n+1 



(_ 1 )m+n-l^c 
(_ 1 )m+n-l p (c 



(c-l,d-3) 
9-m-n+3 
(c-l,d-3) 
m— n+5 



(c-l,d-2) 

( 7-m-n+2 
(c-M-2) 
9— m— n+4 



(c-l,d-3) (c-l,d-2) 
"m — n+1 "m— n 

V !J />2n+l ^2n+l 



I 1\1 (c-l.d-3) (c-l,d-2) 
(-l)Vl ' Pi 



(5.33) 



T/ien, we ftave 



(c,d— m — n) 

Ac,d-m-n) _ (_-,\m+nP2k ~{c,d-m-n) _ 

P2k - V L ) 2fc+l ' 92fe -! 



(c,d—m—n) 
<?2fe-l 



(d-m-n + 2k-2)x' 



(5.34) 



m+n 



] J (c - d + to + n - j + 1) 

\m+n/-i , -Mtn.-m J — 1 



L> = (-l) m+ "(l + ir) m+ ™2f 



'Q(d - to - n + 2i - 2) J| (2k + 1) 

i=l fc=0 



_R>(0,0) 
±L m,n -i 
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m+n— 1 



D 



D 



D 



m 

to + n + 1 



m + 1 
m + n + 1 



(c-rf + TO + n- j + 1) 



(-l) m (l + x) m+ "- 1 x- m+1 — p^- 



0(0,-1) 
- n 'm — l.n' 



J} (d- m - ra + 2i - 2) jj(2fc + 1) 



7=1 

m+n— 1 



fc=0 



]J[ (c- d + TO + ?l - j + 1) 



(-l) m - x (l + ^) m+n - 1 a;- m — 



-I? 



(0,-1) 
'm,n— 1 ' 



J|(d - m - n + 2i - 2) JJ (2A; + 1) 

i=l /c=0 



m 
1 



d(-1,-2) d 
-"-m-l.n+l' ^ 



m + 1 
1 



ij(-l,-2) £> 



TO TO + 1 
1 TO + n + 1 



(-l)"^-i7„ 33 - (5-35) 



It is easy to see that the bilinear relations (5.17) and (5.18) follow immediately from Jacobi's identity ( |5.25 ) by 
using Lemma 5.4 and 5.5, respectively. By the Lemma |5.6, Jacobi's identity (5.25) is reduced to 



(d + to - n)xR%±l n RQ# + (c - d)(x + l)R&$l£L& + (2n + l^-L+i^-i - 0. (5.36) 



Then, the bilinear relation (5.19) is derived as follows, 

x (5-36) + i#J_ x x Q + (d + to - n)R%°J x = (or + x (5.37) 



The proof of Lemmas |5.4| ^ |5.6| is given in Appendix [b[ 



Next, we prove the bilinear relations ( 5.20 ) and ( 5.21 ). We have the following lemmas. 
Lemma 5.7 Put 



D = 



-x L q x 
-x~ l (<h + x ~ 2 <h) 



x 1 ql 
x^q^ 



93 



X fem-l 
Pn-m+1 > ' ' 



■■ + X- 2m+2 q^) 
x P-n-m+3 



P-n-m+5 + x P-n-m+3 
P—n—rn+3 

with = p^ c±1 ' d±1 ) . Then, we have 

D 



x l %m-l 1lm-l 
Pn-m+1 Pn-m+2 



P-n-m+5 P-n—m+6 
P-n-m+3 P-n-m+A 



9—771 — 71+4 

9— m— n+6 

9777 - 77 +2 
P277-1 

P3 
Pi 



m 
1 



-777+1 ^(1,1) 



D 



rn 
2 



D 



TO + 1 
1 

TO + 1 

2 



x~ m R 



(i,i) 

777,77—1 ' 



(_~\-m d(-1.-1) 

V X y Jl -777,77-l ' 



TO TO + 1 

1 2 



= d(o.o) 

-'''777—1.77—1 ' 



and 



D = 2(-l) 



-m—— 2m+l 



r(o,o) 



(5.38) 



(5.39) 



(5.40) 
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Lemma 5.8 Put 



D = 



Then, we have 



-x ^q x 





x^qj 



X 1 (l2m- 
Pn—ra ' 



■■■ + x- 2m+2 q^ 
x P-n-m+2 



P-n-m+4 + x2 P-n-?ri+2 
P-n-m+2 



pi 



m — 1 



o 

92m- 1 
Pn—m-i-l 



P-n-rn+4 P-ri-m+5 
P-n-m+2 P— n— ro+3 





Q— m— ra+3 
<7— m— n+5 



P2n-1 

P3 
Pi 



1 m + l 

2 m + n + 1 



D 



D = x~ m R£ 1 n \ D 



= (-*) 



-m+l R (-l,-l) 

J Vn — l.n — 1 ' 



m + l 
m + n + 1 



2 ,_ m+ljR (i,i) 



m— l.n— 1 ' 



m + l 
2 



d(0,0) d 



1 



to + n + 1 



2(-l)-"V 2m+I <l, 



(5.41) 



(5.42) 



From Lemma 5.7, Jacobi's identity (5.26) is lead to the bilinear relation ( [5.2C ). Lemma 5.8 and Jacobi's identity 
(5.27) give the bilinear relation (|5.21). We also give the proof of Lemma 5.7 and 5.8 in Appendix M. 



6 Degeneration of algebraic solutions 

It is well known that, starting from Pyi, one can obtain Py, ■ ■ ., Pi by successive limiting procedures in the 
following diagram p5l E|, 

Pvi — » Pv — » Pm 

I 4 (6.1) 

Piv — > Pn — » Pi. 

It is also known that each Painleve equation, except for Pi, admits particular solutions expressed by special 
functions, and that the coalescence diagram of these special functions is given as 

hypergeometric — > confluent hypergeometric — > Bessel 

I I (6.2) 

Hermite- Weber — > Airy. 

How is the degeneration diagram of algebraic (or rational) solutions that originate from the fixed points 
of Dynkin automorphisms? In this section, we show that, starting from the family of algebraic solutions to 
Pvi given in Section |^, we can obtain that of the rational solutions to Py, Pin and Pn by degeneration in the 
following diagram, 

Pvi — > Pv 

I I (6.3) 
Pm — > Pn- 

The horizontal arrows in ( |6.3[ ) are naturally obtained as the coalescence of Painleve equations (or corresponding 
Hamilton systems). We need to remark on the vertical arrows. The degeneration procedures themselves are 
obtained as the combination of those for equations or Hamilton systems. Nevertheless, the degeneration of 
the algebraic (or rational) solutions seems to be direct one. Namely, we believe that the rational solutions of 
Py cannot degenerate to those of Pm and that the rational solutions of Piy expressed in terms of Okamoto 
polynomials cannot be linked with the above diagram. 
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6.1 Degeneration from P V i to P v 

As is known Py 



dt 2 



1 



1 



,2y y-1 
is equivalent to the Hamilton system 



Idy , (y-l)< 
t dt 



2t 2 



S v : 



dH 

dp ' 



dH 

dq ' 



K ooV 

y 



dt 1 



n 2/ _ 

; * 2(y-i) : 



with the Hamiltonian 



H = q(q- 1) V - [«o(9 - I) 2 + - 1) + 1?] p + «(g - 1), 



(6.4) 



(6.5) 



(6.6) 



This system can be derived from Syi by degeneration |3|]. The Hamilton equation (1.2) with the Hamiltonian 
(1.3) is reduced to (6.5) with (pTq) by putting 



i->l-£t, Ki^e 1 + 6» + l, 0->-£ 1 , 

and taking the limit of e — > 0. 

The rational solutions of Sv are expressed as follows Jl2[ . 

Proposition 6.1 Let pk — p£\z) and qk — q% (z), k G Z, fee two sets of polynomials defined by 



exp 



zA 
1 - A 



, pi r) = /or fc < 0, 



?i r) (^)=pi r) (-^). 



We define the polynomials R m ,n — Rm]n(z) by 



(r) 

(r) 
93 



(r) 



P 



(r) 



(r) 

(r) 
92 



(r) 
Q2m-2 
(r) 
Pn-m+1 



0) (r) 

P— n — m+4 P— n— m+5 

(r) (r) 

P— n— ro+2 P— n-m+3 



(r) (r) 

9-771+2 9-rn+l 

(r) (r) 

S— m+4 9-m+3 



(r) 
Qrn 
(r) 
Pn-1 



(r) 

(r) 
Pn 



(r) (r) 

P-n+3 P-n+4 

(r) (r) 

P-n+1 P-n+2 



(r) (r) 

H— m— n+3 5— m— n+2 

(r) (r) 

y — m— n+ 5 y* — — n + 4 



(r) 
Qm — n+1 
(r) 
P2n-2 



(r) 

P 2 

(r) 

Po 



0) 

y*ra — n 

(r) 
P2n-1 



(r) 
P 3 

w 
Pi 



for m,n 6 Z>o and fey 

/? — r_i'\ m ( m + 1 )/ 2 H n /? - f_if(«+i)/2D 

/or m, n £ Z<o, respectively. Then, setting 

^rn,ni z ) — S m ^ n (t. s )j 

z = — , r = 2s — m + n, 



(6.7) 



(6.8) 



(6.9) 



(6.10) 

(6.11) 
(6.12) 
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that 



P 



S m ,n—l{tj S)S m —l, n \ti s) 
Sm — 1 , n 

(t, S - l)S m ,n-l(t, S + 1)' 
2n - 1 S^-i^t, S - l)5 TO , n -l(f, S + l)S , m _i i „_ 2 (^ s) 



4 ^-Ln-lfMjSm^-ltM) 

<jwe a family of rational solutions to the Hamilton system Sy for the parameters 

Kqc = s, kq = s — m + n, 8 = m + n — 1. 



(6.13) 



(6.14) 



Let us consider the degeneration of the algebraic solutions of Syi- Applying the Backlund transformation 
Sq to the solutions in Theorem |2.2|, we obtain the following corollary. 



Corollary 6.2 Let S m>n = S m>n (x;a,b) be polynomials given in Theorem 2.2. Then, for m,n € Z, 



ctt.o) c(i.o) 

m,n — 1 m — l,n 



9 _ -, o(l -1) o(l.l) o(2,Q) 



m-l,n m,n-l 



2x(l - a) s-( 2 '°) 

v y V l,n-l°m,n— l°m— l,n-l 

where we denote as Sm',n = S m . n {x; a + k,b + I), satisfy Syi for the parameters 



b — m + n, K\ = a + m + n, 



Koo = b, K 

with x 2 = t. 

It is easy to see that by putting 

t — > 1 — et, a = e _1 , 

Syi with ( |6.16 ) is reduced to Sy with ( 6.14 ) in the limit of e — » 0. 



Next, we investigate the degeneration of Rm,n given in Definition 2.1. Putting 



-{i- sty 



s + n — — , d = 2s — m + n, 



we see that the generating function (2.2) degenerates as 



G = (l-A)- d exp{c[log(l-A) - log(l + ar^A)] } 

zX 



(l-A)- r exp T 



1 - A 



• o( e ; 



where we use ( |S7T2| ). Then, we have 



which gives 



Finally, it is easy to see that ( 6.15| ) yields to ( 6.1 3| ) . 



(6.15) 



(6.16) 



(6.17) 



(6.18) 



(6.19) 

(6.20) 
(6.21) 



Remark 6.3 As we mentioned in Section^, Kirillov and Taneda have introduced "generalized Umemura polyno- 
mials" for Pyi in the context of combinatorics and shown that these polynomials degenerate to S m . n = S m , n (t, s) 
defined in Proposition 6. 1 in some limit M 0, [7^/. 



Remark 6.4 The polynomials p£ (and q£ ) defined by \6.l\ ) are essentially the Laguerre polynomials, namely, 

Pk T \ z ) = X \ z )- The above degeneration corresponds to that from the Jacobi polynomials to the Laguerre 
polynomials. 
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6.2 Degeneration from P V i to P m 

Next, we consider Pni 



d 2 y 1 { dy\ 1 dy 4 



- 7 [vcoOooy 2 + vo(0o + 1)] + - —■. 



dt 2 y \dt J t dt t 

which is equivalent to the Hamilton system |24| 

, dH dH , d 

op a? at 

with the Hamiltonian 

= 2gV - [2 Voo tq 2 + (20 o + l)g + 2r?o*]p + W^oo + 9 )tq. 
This system can be also derived from Syi, directly, by degeneration. This process is achieved by putting 



t — » e 2 i 2 , g — > eiq, p — > e 1 t 1 p, 

3(1) 1 1, -r 7oo £- 1 +C ) , 

1 



„ _-l , fl(2) 



:(H + qp), 



(6.22) 

(6.23) 

(6.24) 

(6.25) 
(6.26) 
(6.27) 



and taking the limit of e — > 0. In fact, the system (1.2) with the Hamiltonian fll.3| ) is reduced to ( |6.23| ) with 
(6.24) by this procedure, where we put 



It is known that the rational solutions of Sni are expressed as follows [0 . 
Proposition 6.5 Let pk = f>l (i), k G Z, be polynomials defined by 

oo 

J2Pk )xk = ( 1 + X Y CX P (~ tA ) i Pa? = f° r k < 

k=0 



(6.28) 



(6.29) 



FFe define a family of polynomials R n r ^ = Rn (t) by 



(r) 
Pn 



(r) 
P-n+4 

(r) 
P-n+2 



(r) (r) 
' ' ' Vln-1 P2n— 1 



(r) (r) 
(r) (r) 

Po Pi 



/or n G Z> and &?/ 

/or n G Z<o, respectively. Then, 



Rn = (-l)" ( " +1)/2 i?-„-l, 



<7 = 



i? (r+1) i? (r) 
-"-n-l 



2n-li?l r+1) i£_ + 2 1) 



(H-i) d(H-i) ' 
7i— 1 ^n— 1 



^ R^ i -R, 



give the rational solutions of 5ni for the parameters 



with 



= r+-+ n, Q + 1 = -r - - + n, 



Voo = Vo = 2' 



(6.30) 

(6.31) 
(6.32) 

(6.33) 
(6.34) 
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Before discussing the degeneration to the rational solutions of Sm, we slightly rewrite the determinant 
expression in Definition 2.1 for convenience. 

Lemma 6.6 Let pk = p k c ' d \x) and qu — q k c ' d \x), k e Z, be two sets of polynomials defined by 



y2p k 5 ' dl (x)X k = G(x; c, d; A), pf d \x) = for k < 0, 

kT ( 6 - 35 ) 

qf d \x)=pf d \x^), 

respectively, where the generating function G(x;c,d; A) is given by 

G{x;c,d;\) = (1 - A) 5_1 (l + x\)~ 5 . (6.36) 



Define R m ,n = Rm,n(x; c, d) in terms of the same determinant as ^2.3j ) with entries pk and qk replaced by pk 
and qk, respectively. Then, we have 

R m ,n(x; c, d) = S nitn (x; a, b), (6.37) 

with 

c=a+b + n——, d = a — b + m+-. (6.38) 



Remark 6.7 The polynomials pk and qk are also expressed by the Jacobi polynomials as 



(6.39) 



Let us consider the degeneration of the algebraic solutions of Syi- Applying the Backlund transformation 
siso to the solutions in Theorem |2.2|, we obtain the following corollary. 



Corollary 6.8 Let R n 



R 



Rm,n{x;c,d) be polynomials defined in Lemma 6.6. Then, for m,n G Z, 

(04) 



(0,1) 



where we denote as R 



Q = 

{id) 



xR. 



(1,0) 



2n-l 



5(0,1) s(l,0) ' 
lx m—\,n lx m,n — \ 



P 



nw,^ 5(1,0) 5(0,1) 
-^rn — 1 , n rn ,n— 1 rn — l,n — 2 



2x(l - x) 5(0,0) 5(0,1) R y^) 

Rm,n(x; c + i,d + j), satisfy Svx for the parameters 
= —6, ko = b — m + n, k± = a + m + n, 9 = —a, 
under the setting of (6. 31), ( 6. 3$) and x 2 = t. 



?(i,i) 



According to (6.26) and (3.41), we fix as (6.34) and put 



— e 



b = 



1 



— e 



+ m + ( 



where £ is a quantity of O(l). Then, we have 



1 



TO — C 



9<$ 



g(l) 



1 = — — r + — + m — £ I + n 



1 

2 

3 (2) 



r + - + m + C J + n, 



= — - r + - — to + C 



(6.40) 



(6.41) 



(6.42) 



(6.43) 



Setting as fleT2Ej ) and ( |o\27|), we see that Syi with ( |6.4l| ) is reduced to Sni with ( |6 . 33| ) in the limit of e — > 0. 
Note that to vanishes in (6.33). Then, it is possible to put to = without losing generality in this limiting 
procedure. 
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Next, we investigate the degeneration of Rn — R_i n — Rq'^ ■ Putting 



x — > et, c=—e 1 +£ + n— -, d — r+1, 



we find that the generating function ( |6.36 ) degenerates as 

G = (1 - Xf- 1 exp [-clog(l + xX)] - (1 - A) r exp [tX + 0(e) 

Then, we have 



]imp^ d \x) = (-l) k p^(t), 



which gives 



limiZ^'H*) = (-l) n ( n+1 )/ a i4 r+J ' ) (t)- 



Finally, it is easy to see that ( 6.40| ) is lead to (6.32) in the above limit 



(6.44) 

(6.45) 

(6.46) 
(6.47) 



Remark 6.9 The polynomials p^ defined by ( 6. 2!\ ) are also the Laguerre polynomials, namely, p^ (t) 



J< k ^ W ■ Then, the above degeneration also corresponds to that from the Jacobi polynomials to the Laguerre 



polynomials. 



Similarly, the rational solutions of Py and Pm given in Proposition 6.1 and 6.5, respectively, degenerate to 
those of Pn- We give detail in Appendix |A|. Therefore, the coalescence cascade ( |6.3D is obtained. 



7 Relationship to the original Umemura polynomials 

In this section, we show that the original Umemura polynomials for Pyi are understood as a special case of our 
polynomials V m ^ n (x; a, b) introduced in Section |J 

7.1 Umemura polynomials associated with Pyi 

First, we briefly summarize the derivation of the original Umemura polynomials for Pyi p8| |. Set the parameters 
b t (i = 1,2,3,4) as 



h = ^(K + Kl), b 2 = ^(«0 - Kl), h = -(6 -1 + Koo), 6 4 



1 



1 ^oo)) 



namely, 



&i = i(a 4 + a 3 ), b 2 = ^(a 4 -a 3 ), 63 = -(a - 1 + ai), b 4 = - (a - 1 - 



Umemura has shown that 



_ (a + (ift ± (a 2 - /3 2 )y/t(t - 1) _ aq-(g + 0)/2 
q ~ {a - 13) 2 + Aapt ' P ~ q(q - 1) ' 

give an algebraic solution of the Hamilton system Syi for the parameters 

(bx,b 2 ,hM) = (a, (3, -~,0 



Substituting the solution of upper sign into the Hamiltonian (1.3), one obtain 

1 r 



H = 



-(a + (3) + (a + (3) 2 + 2at - 2{o? + f)t + 2(a 2 - f3 2 )^/t(t-l) 



(7.1) 
(7.2) 

(7.3) 
(7.4) 
(7.5) 
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Application of the translation 



Oi, b 2 , b 3 ,b A ) -» (h,b 2 , b 3 , 6 4 ) + n(0, 0, 1, 0), n e Z, 



(7.6) 



to the seed solution (7.3) with (7.4) generates a sequence of algebraic solutions (q n ,p n ). Let r„ be a T-function 
with respect to the solution (q n ,Pn)- Okamoto has pointed out that r n satisfy the Toda equation pjj 



1 ' " 1 = ^(\ogr n y + (h + b 3 + n)(b 3 + b i + n), ' = t(t 1)1. 



t* dt 
Define a family of functions T n for n G Z by 



(logT„)' = {logTj + H-n [at 



Then, Toda equation ( |7.7|) yields to 



T n +iT n -i — t(t — 1) 



d 2 T n 
dt 2 



dT n 
dt 



a + /3 



(2t-l)^T B 



-2(a 2 + /3 2 ) + (a 2 -/3 2 ) 



2i- 1 



Moreover, introducing a new variable v as 



t - 1 



t- 1 



one find that T n are generated by the recurrence relation 



(7.7) 



(7.8) 



(7.9) 



(7.10) 



T„ +1 T„_ a = -(v 2 -4) 



r 2 ,n n 1 u ™ 



1 



+ { - -2(a 2 + /? 2 ) + (a 2 - /3> + n 



(7.11) 



with the initial conditions Tb = !Z\ = 1. It is shown that T„ for n S Z>o are polynomials in a, (3 and u, and 
deg^ T n = n(n — l)/2. These polynomials are called Umemura polynomials associated with Pyi- 



7.2 Correspondence of the seed solution 



We investigate how the Umemura's seed solution ( |7.3| ) with (7.4) is related to ours, 

q = U = x, p = f 2 = i f a + b- i ] x -1 , 



with 



(ao, a-i, 0:2, 03, 04) = [ a, 6, - — a — b, a, b 



(7.12) 
(7.13) 
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In addition to the Backlund transformations stated in Section |^, it is known that Pyi admits the outer symmetry 
as follows fElfl, 



003 
004 
013 

014 
034 



QfQ Oil OL2 a 3 OI4 



Oi\ ao OL2 «3 014 

013 cei ct2 oiq an 

014 Oil 012 Q?3 OiQ 

ao Oiz 0,2 OLi Ola, 

ao a4 a2 «3 ai 

ao ai a2 Q?4 0:3 



t 



1-t 

1 

7 

t 

t - 1 
t 

t-1 
1 

7 

1 - 1 



(i - m 

fo 

k 

1 - t 

i 

/4 

-/ 3 



/2 



/o(/o/2 + ojj " 

i(i - 1) 
(1 - t)h 

-h(hh + 011) 

-U{Uh + a '2) 
-h 



(7.14) 



Proposition 7.1 Umemura 's seed solution (7.5) with ( 7.4 ) is obtained by applying the Backlund transformation 
defined by 

= 013S3S2S1, 

to ours fu\ ) with fr/ls]) , where we put 



a = a. 3 = b. 

2 



(7.15) 
(7.16) 



Proof. First, we check for the parameters. Application of a to ( 7.1 3| ) gives 



f' 1 1 1 L 1 

(a , ai, a 2 , a 3 , a 4 ) = [ -, --, a, - - a - b, - - a+ b 



(7.17) 



which coincides with (7^4) by using (7.2) and ( 7.16 ). 

Next, we verify the correspondence of q = f±. We have 



0(/4) = 



a + b 



hh + a i + a 2 

/2/a + ai + a 2 (I ,\ fl \ ._ . 1 

- — a + I + I - - a - h \ .r 



Note that x is now given by 



x = T 



t-1 



(7.18) 



(7.19) 



due to the action of 013. Thus, the expression ( [7.18 ) is equivalent to the first of ((7~J). It is possible to check 
for p = f% in similar way. I 

7.3 Relationship to the original Umemura polynomials 

The above discussion on the seed solution suggests that the family of polynomial s V m n (x;a,b) constructed in 
Section ^ corresponds to the original Umemura polynomials under the setting of ( 7.16 ) and 



t - 1 



(7.20) 



Notice that, from (|7J|) and ( |7.20| ), T n = T n (x; a, (3) satisfy the recurrence relation 

4T n+1 T n _ 1 - x- 1 [(x 2 - 1) 2 V 2 - a 2 (x + l) 2 + (3 2 (x - l) 2 + (2n - l) 2 a;] T n ■ T n , (7.21) 
with To = Ti = 1. 
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Theorem 7.2 We have 



T n (x; a, 0) = 2~ 2 "("- 1 >(-x)-"("- 1 )/V_„,_„(x; a + n, b), 



(7.22) 



with ( \7.16j) . 

We prove Theorem 7.2 by showing that both hand sides of ( 7.22) ) satisfy the same recurrence relation and 
initial conditions. Let T30 be the translation operator defined by 



30 — 1 34^34^03 ■ 

Then, we have a Toda equation 

d 1 3 

Tw{T Q )f^[r Q ) = H (t - l)-(logro)' - (logr )' + -(a - a 3 )(a - a 3 - 2) + - 

For simplicity, we denote as 

f n =T 3o( r o), 11 EZ, 

namely f n = T_ n> o,n,n in the notation of ( |3.40 ). The above Toda equation is expressed as 



Tn+lTn-l = t 2 



d _ , , (ao - a 3 - 2n)(a - a 3 - 2ra - 2) 3 
(*- l)^(logr„) -(logr„) + + - 



(7.23) 

(7.24) 
(7.25) 

(7.26) 



In the following, we restrict our discussion to the algebraic solutions. According to fl4.7p and (4.21), we introduce 
V„ = V n (x; a, b) as 

f n =cj n V n (x-l)^-^+ix-^-^ 2 - b2 - n ^-i(x+lf + K 



where w„ = u>- n ,o,n,n- Substituting ( 7.27 ) and ao = 03 = a into Toda equation ( 7.26 ) and noticing 

1 2 

we find that V n = V n (x;a,b) are generated by the recurrence relation 

2 



1. 



V n +lVn-l — 



1 



( x z - \yv l -[a--] (x + iy + b\x - iy + (2n + iy x 



v n ■ v n , 



with the initial conditions V—i =Vo = 1. By construction, it is easy to see that 

V n (x; a. b) = V n , n {x; a-n,b). 
Moreover, we introduce T n = T n {x; a, b) as 

T n = 2~ 2nlyn ~ 1 \-x)~ n{ - n ~ 1 ^ 2 V- n . 
Then, T n satisfy the recurrence relation 



4T n+1 T n _i = x 
with Tq = Ti = L 



(a; 2 - 1) 2 2? 2 



(x + l) 2 + 6 2 (x - l) 2 + (2n - l) 2 x 



T • T 



(7.27) 
(7.28) 

(7.29) 

(7.30) 
(7.31) 

(7.32) 



Comparing ( 7.21 ) with ( 7.32 ), we find 



T n (x;a,/3) = T n (x;a,b), 



(7.33) 



under the setting of (7.16), which is nothing but Theorem 
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Remark 7.3 Toda equation (7.7) can be regarded as the recurrence relation with respect to the translation 
operator 

Toi = T^TuToa, (7.34) 

which acts on the parameters as 

T i(a , ai, a 2 , a 3 , a 4 ) = (a , ai, a 2 , a 3 , a 4 ) + (1, 1, -1, 0, 0). (7.35) 



Theorem 7.1, namely (7.31), is consistent with the relation 



Tbier = crT 3l 



(7.36) 



From the discussion of the previous sections and (7.31), it is clear that T n for n G Z> are polynomials in 
a, /3 and i>, and deg^ T„ = n(n — l)/2 under the setting of 



V = — [X + X 



(7.37) 
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A Degeneration of rational solutions 

In this section, we show that the rational solutions of Py and Pm degenerate to those of Pu, 

d 2 y „ , , .( 1 
~^= 2 V 3 -4tj/ + 4( a +- 



As is known E3J, Pu (A.l) is equivalent to the Hamilton system 

dH 



, _ dH , _ d 
^ dp ' P dq ' dV 



with the Hamiltonian 



H = -2p 2 - (q 2 - 2t)p + aq. 
The rational solutions of Sn are expressed as follows H . 



Proposition A.l Let q^ = qk{t), k G Z, be polynomials defined by 

°° /A 3 
^2q k X k =expf<A + y 



Qk = for k < 0. 



We define R n = R n (t) by 



Rn 



Q2n—2 Q2n— 1 



9-n+4 
q-n+2 



<12 

3o 



for n G Z>o and &y 

/or n £ Z<o, respectively. Then, 



Rn = (-l)" ( " +1)/2 i?-„-l, 

2n — 1 R n R n -2 



d R n 
■log 



dt R n -1 ' 

give the rational solutions of S\\ for the parameters 



2 R n-l 



1 

a = n . 

2 



(A.l) 

(A.2) 
(A.3) 



(A.4) 

(A.5) 

(A.6) 
(A.7) 

(A.8) 
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A.l From P v to P n 

It is possible to derive the Hamilton system Sn from Sy, directly, by degeneration. Putting 

t e- 3 (l + 2e 2 t), q^-l + 2eq, p -> -e^p, 



- 3 + 4 0) , e^2e(°\ 



2 2 



.(0) 



KA - UK 



(0) 



(A.9) 
(A.10) 
(A.ll) 



wit h a = ±1 a nd t aking the limit of s — > 0, we find that the system ( p.5[ ) with the Hamiltonian ( p.q ) is reduced 
to (Q with ( Q . 

We show that t he rat ional s oluti ons of Sy given in Proposition O degenerate to those of Sn in Proposition 
[A"! . According to (|A.10| ) and we put (7 = 1 and 



S - -F~ 3 ff(°) 



0, K, 



(0) 



-m + n, 6> (0) 



m + n — 1 



(A.12) 



Then, after the replacement (A.S) and ( A.ll ), we find that Sy with ( 6.14 ) is reduced to Sn with (A8) in the 
limit of e — > 0. Note that m vanishes in (A.8). Then, it is possible to put m = without loss of generality in 
this limiting procedure. 

(V) (VO (r) 

Next, we investigate the degeneration of R n — R_{ n — R „• It is obvious that we have the following 
lemma. 



Lemma A. 2 Let p k = p^\z), k G Z, be polynomials defined by 



]>>i>A fe = e X p 

k=0 



3 = 1 



J2[- z + r -) X3 + r o x 



= for k < 0. 



(A.13) 



Then, we have 



Put 
and 







_(r) 




(r) _(r) 
' P2n-2 Vln-\ 




(z) = 


_(r) 

P-n4 

_(r) 


-4 ' ' 


_(r) _(r) 






-2 






X - 


-eX, 


_(r) 


= (-^t\ 


2 


1 

^2 £ ~ 


3 (1 + 


2e 2 t) 


1 3 

r = -e + n 



Then, ( |A.13| ) yields to 



OO ✓ 

^gf +j) A fe = exp U + 

fc=0 ^ 



1 [jX + nX + tX 2 + ^A 4 ) +OC-) 



By using (A.4), we obtain 



{r+j) 



qk - ejqk-l - £ nqk-l + tq k -2 + „9fc-4 + 0{e 2 ) 



(A.14) 

(A.15) 
(A.16) 

(A.17) 
(A.18) 



29 



Since it is easy to see that 
we have, from (p 



dt 



R [ n +3) = {-e)- n{n+l 



)/2 



Rn - ej 



dR„ 



eQ n + 0(e 2 ) 



(A.19) 
(A.20) 



where Q n denotes the contribution from the third term of (A. 18). 

Finally, we verify the degeneration of the variables q and p. The above procedure gives 



p(r-i) d(M-I) 

' p(r+l) 

r>(r-l) r>(r+l) u (r-l) 
rt, n -n- n _i ^-2 

o(r) p(r) fl (r-l) 
"n-l^n-l- 11 !!-! 



-l + 2e— lo; 



= e 



G?£ i?n-l 
_1 R n Rn~2 



4-0(e 2 ) 
0(1). 



(A.21) 



Thus, from (A..9), we get ( A.7) in the limit of e — > 0. 
A. 2 From P m to P n 

It is well known that the Hamilton system Sn is derived from Sni by degeneration || . This process is achieved 
by putting 

t — > -e~ 3 (l - e 2 i), g^l + eo, p —> e~ 1 p, 



?o — * £ 3 + #o° i 



-e H — e a, a 



eg) + 



(A.22) 
(A.23) 

(A.24) 



and taking the limit of e — » 0. 

We sho w that the rational solutions of Sm given in Proposition 3.E degenerate to those of Sn in Proposition 
[Ail] . From ( |A.23|) , we put 

r = s- 3 , e^=n+l C=n-l (A.25) 



Then, after replacing as ( A.22 ) and ( A.24 ), we see that Sm with ( 6.33| ) is reduced to Sn with (A.8) in the limit 
of £ -> 0. 

Next, we investigate the degeneration of Rn defined by ( |6.29 ) and ( |6.30 ). It is obvious that we have the 
following lemma. 



Lemma A. 3 Let pk — Pk\t)> k G Z, &e polynomials defined by 



fc=0 



i=i 



= /or fc < 0. 



(A.26) 



Then, we have 



_(r) 


(r) 

' Vln-1 


(r) 
F2n-1 


(r) 
P-n+4 
_(r) 

P-«+2 ' 


_(r) 

■ P 2 
_(r) 

■ Po 


_(r) 
Pi 



(A.27) 
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Put 
and 

Then, ( A.26[) is written as 



! (l-e 2 t), r 



(A.28) 
(A.29) 



l + e[-j\+-X 4 )+0(e 2 ) 



(A.30) 



By using (A.4), we obtain 



q { k +3) =Qk+e[ -jq k -i + p k -4 ) + 0{e A ). 



Thus, we have 



l)/2 



where Q n denotes the contribution from the term of qk-4 in (A.31). 

Finally, it is easy to see that ( 6.32j ) is reduced to (A. 7) by the above limiting procedures. 



(A.31) 
(A.32) 



B Proof of Lemma |5T3j - |5T81 

We first note that the following contiguity relations hold by definition (|2.l|) and (|2.2|), 



(c-l.d-1) (c,d) , (c,d) (c-l.d-1) (e,d) , -1 (c,d) 

(c,d-l) _ (c,d) _ (c,d) (c,d-l) _ (c,d) _ (c,d) 

Pk — Pk Pk-i ' yfe - yfe «fc-i ' 

{k + l) q ^ = Hc-d) q t d+1) -c X -\t 14+1) - 



(B.l) 
(B.2) 

(B.3) 



Let us prove Lemma 5.4. Adding the (i + l)-th column multiplied by x 1 to the i-th column of Rm'^n for 
i = 1, 2, . . . ,j, j = m + n — 1, m + n — 2, . . . , 1 and using (B.l), we get 



p(o,o) 



(c — m — n+l,d — m— n+1) 
#1 

(c — m — n+l,d — m— n+1) 
^3 



(c — m — n+l,d — m— n+1) 

92)71-1 

_-m-n+l T .( c -»™-' l +l. d -" 1 -™+ 1 ) 
x -P2n-1 



J' 



n _l_l (c — m — n+l,d— m— n+1) 
^3 

^-m-n+l^( c - m -™+l. d - m -™+ 1 ) 



(c — m — n+2,d — m— n+2) 

(c— m— n+2,d— m— n+2) 
?2 



(c— m— n+2,d— m— n+2) 
?2m-2 

„-m-ri+2„( c - m - n + 2 . d - m - ra + 2 ) 
P2n-1 



^-m-ri+2^( c - m - n + 2 . d -" l -™+2) 
^-m-ri+2„( c - m -' l + 2 . d - m -™+2) 



(c-l,d-l) 

•i-m-n+3 

(c-M-l) 
y-m-n+5 



(c,d) 
y-m-n+2 
Jc,d) 
y-m-n+4 



(c-M-l) (c,d) 
"m— n 

_1 (c-l,d-l) (c,d) 
X Pln-\ Pln-\ 



_i (c-l,d-l) (c.d) 
_i (c-l,d-l) (c.d) 



(B.4) 
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Noticing that po = 1 and pk = for k < 0, we see that R m ,n can be rewritten as 



FL 



5i 

'73 



52ra-l 
Pn—m 



5o 

'72 

52 m -2 

Pn-m+1 



P— n— m+2 P— n— m+3 
P—n — rn P—n—vn+1 



5-m-n+2 5-m-n+l 
5-m-n+4 5-m-n+3 



Qm—n 
P2n-\ 



Pi 
P-l 



Qm—n—l 
P2n 



P2 
PO 



(B.5) 



By the similar calculation to the above, we obtain 



d(o,o) = 



(c—m—n.d—m—n) 
(c—m—n.d—m—n) 

% 



(c— 77i— n.d — m — n) 
_. m _ T1 (c—m—n.d—m—n) 

x m n p\ n X 



_. m _ T1 (c—m—n.d—m—n) 
X m X 

(c— tn— n.d— 77i— n) 

x m n p K ' x 



(c—77i—n-\-l,d—m — 7i-\-l) 

5o 

(c— m— n+l.d— m — n+1) 
12 



(c— m— n+l,d— m — n+1) 
52m-2 

(c— ra— n+l,d— m— n+1) 
P2n 



-n+1 (c— m — n+l,d— m — n+1) 
P2 

-n+1 (c— m — n+l,d— m — n+1) 



(c-l,d-l) 
5-m-n+2 

(c-l,d-l) 
5— m— n+4 



(c-l,d-l) 
Qm—n 

_1 (c-l,d-l) 



21 P2n 



_i (c-l,d-l) 

_i (c-l,d-l) 
a; ^ 



(c,d) 
5-m-rt+l 
_(c,<0 
5- m -n+3 



(c,d) 
(c,d) 



(c,d) 
P 2 
(c,d) 

Po 



(B.6) 



(c-l,d-l) 
Pfc 



We have from (|B_l|) and ( jB.2[ ) 

(i + -)pL m) 

5ifr 1) + (i+^ 1 )?i c " i) 

Subtracting the j-th co lumn multiplied by (1 + x -1 ) -1 from the (j + l)-th column of 
n — 1, . . . , 1 and using (B.7), we get 



(c,d-l) 
(c-l,d-l) 

5fc+i 



) for j 



(B.7) 

m + n, to + 



^^(-lra+x- 1 )- 



(c—m—n.d—m—n) 

"5i 

(c— m— n.d— m— n) 

-53 



(c— m— 71, d— 771— n) 
_ 7r , — r, (c — m— n.d— m— n) 

x m n p\ n 



— v-n—r, (c—m—n.d—m—n) 

x p 2 

— rn —, n (c—m—n.d—m—n) 

x m n p ' 



(c—m—n-\-l,d—m—n) 

5i 

(c— m— n-\-l,d— m— n) 



(c— m— n+l,d— m— n) 
92m- 1 

_-m-n+l„( c -™-™+M- m -™) 
A P2n 



^-m-n+lpCc-wi-'t+l^-" 1 -") 
m - n +l„(c-m-n+l,d-m-n) 



(c-l,d-2) 
y— m— n+3 
(c-l,d-2) 
m— n+5 



_i (c-l.d-2) 

_i (c-l.d-2) 
X L P K Q 



(c,d-l) 
5-m-n+2 
_(c,d-l) 
"— m— n+4 



(c-l,d-2) (c,d-l) 

"m— n+1 "m—n 
_i (c-l.d-2) (c,d-l) 

' P 2 n P 2 n 



(c,d-l) 
P 2 
(c,d-l) 

Po 



(B.8) 



From (BJ3) and (|B.8| ), we obta in Lemma 5^ 
Next, we prove Lemma |5.5|. We have 



(k + l)p^=dri' d+1) -c(l + x)p^ d+2 \ 



J k+1 

(d + k + l) q ^=d q ^~c(l + 



(B.9) 



Subtracting the j-th column multiplied by 



d — vn — 



■J -2 



(c — to — n + j — 1)(1 + x 1 ) 



— — from the (j + l)-th column of (B.O) 
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for j = m + ri, m-\-n— and using ( |B.9| ) ; we get 

m n 

Y[(d - m - n + 2i - 2) JJ (2fc + 1) 



fe=0 



— fc— m— n,d— m— i 
^4c—m—n.d—rn—i 

% 



-~{c—m—n,d—m — n 

^(c—m—n,d—m — n 
P2n 



^(c—m—n,d—m — n 
^ic—m—n.d—rn — n 

Pa 



X 



(c — to — n + j — 1) 

J'=l 



(c— m— n.d— m— n — 1) 
(c— m— n.d— m— n — 1) 

% 



(c — m— n 7 d— m— to— 1) 
*?2m-l 

i-n+l rl ( c -" l -n,d-m— n-1) 



i-n+l„(c-m-n,d-m-n-l) 
P3 

i-n+l„(c— m-n,d-m-n-l) 
Pi 



(c-2,d-3) 
y— m— n+3 

(c-2,d-3) 
^— m— n+5 



(c-2,d-3) 
9m-n+l 
_1 (c-2,d-3) 
1 Pk+1 



_1 (c-2,d-3) 
_1 (c-2,d-3) 



(c-M-2) 
9-m-n+2 
(c-l,d-2) 
m— n+4 



(c-l,d-2) 
^m— n 

(c-l.d-2) 
P 2 n+1 



fc-l,d-2) 
P 3 

(c-l,d-2) 
Pi 



(B.10) 



Lemma 5.5 follows from (B.4) and (B.10) 
Note that we have 



(fc + l)p&? = -d^( c+M+1) - (c - d)(l + x)pi c+1 > d+2 \ 
(d + k + l),ftf = dgfc 1 ^ - (c- d)(l + ^ 1 )^ +M+2) . 



(B.ll) 



of ii&n for j 



It is easy to see that Lemma 5.6 is proved similarly to Lemma |5.5| by using (B.2) and (B.ll). 

The proof of Lemma 5.7 is given as follows. Adding the (j — l)-th column multiplied by x to the j-th column 

1, 



m + n, to + n 



,2 and using (B.l), we get 



x V3 



X 1( lim-l 



Pn-, 



<72m-l 
Pn— m+1 



P— TO— m+4 P-n-m+5 
P-n-rn+2 P— n-m+3 



Q—m—ti-\-4 Q—m—ti-\-3 
Q — m— n+6 y— m— n+5 



<?m-n+2 
P2n-2 

P2 
PO 



<?m-n+l 
P2n-1 

P3 
Pi 



(B.12) 



We have from (B.l) 



(ci) 2 (c.d) (c-l,d-l) (c-l,d-l) 
Pi ~ X Pk-2=Pk ~ X Pk-l 
(c.d) -2 {c.d) (c-l,d-l) -1 fc-l.d-l) 



(B.13) 



Then, subtracting the (j — l)-th column multiplied by x from the j-th column of Rm.n ^ for j = m + n,m - 
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— 1, ... ,2 and using (B.13), we get 



#(-1,-1) 



Pn 



m — 1 



x L q-x - xqi 
x~ 1 q 1 - xq 3 



X q2m-3 ~ Xq 2 m-1 
2 

Pn—m-\-l Pn — rn— 1 



P-n-rn+4 P— n— m+5 
P-n-m+2 P-n-m+3 



X P — n — m + 3 
2 

P—n — m+1 



P2n-1 - a; 2 P2n-3 



P3 ^ a; Pi 
pi - x 2 p_i 



(B.14) 



Noticing that p& = % = for fc < 0, we obtain 



R 



(-1,-1) _ 



<?i 



V) 



-^M<?2m-1 + • • • + Z- 2T " + V) 
Pn—m 



™ 2 71 — j I 

' x F-n-m+2 



P-n-m+4 i" ^ P-n-m+2 
P-n-m+2 



91 

<?2ra-l 
Pn — m+l 



go 

<?2 

<Z2m-2 
Pn-m+2 



P— n— ro+5 P— n— m+6 
P— n— m+3 P— n— m+4 



y— m— n+3 
9— m— n+5 

Qm— n+1 
P2n-1 

P3 
Pi 



(B.15) 



The first half of Lemma 5.7 is obtained by (B.12) and (B.15). Moreover, we have 



-X 1 q 1 



x 1 q 1 - x 2 q 
x^qz - x~ 2 q 2 



~ X 1< ?2m-l X 1( 72m-l ~ X 2 q 2m -2 



J n-m+l 



Pn— m+l Xp n 



qi - x 2 q_i 
q 3 - x~ 2 qi 



X 2 y2m-3 



92m- 1 



Pn-m+2 ~ X Pn 



P— n— m+5 P—n— m+5 2<P— n— m+4 P— n— m+6 X p~ n — m +4 

— 2 
P-n-m+3 P-n-m+3 — ^P-n-m+2 P-n-m+A — X P-n-m+2 



Subtracting the 2'nd column from the l'st column and using (B.l), we get 



9-m— n+4 X q— m — n +2 
y— m— n+6 x q— rn — n s r 4 



?m-n+2 X q m — n 
p 2 „-l - X 2 p 2 „-3 



P3 - X Pi 
Pl - .T 2 p_i 



(B.16) 



D 



-x ^qi 
-x^qz 



-x 1 q 2r , 

•EPn — n 



x l qi-X 2 q Q 
x^q?, - x~ 2 q 2 



x 1 q2r, 



-l - x 2 q 2m -2 



Pn— m+l %Pn- 



qi-x *q-\ 

q 3 - x~ 2 q 1 



_2 

q2m-l — X q2m-3 
2 

Pn-m+2 & Pn—m 



XP— n— m+4 P—n— m+5 %P—n — m-\-4 P— n — m+6 % P—n— m+4 

2 

•£ , P—n — rn-\-2 P—n—m-\-3 XP—n — m-\-2 P—n— m+4 *^ P — n — m + 2 



2(-l) 



1d(0,0) 
L m,n i 



which is nothing but the second half of Lemma 5.7 



From the above discussion, it is easy to verify Lemma 5.S 



Q— m— n+4 x q~ m — n+2 
— 2 

y— m— n+6 q~ m — n+4 



_2 

Qm— n+2 **< qm—n 
P2n-1 ~ X 2 p 2n -3 



P3 
Pl - 



" £ 2 Pl 

a: 2 p_i 



(B.17) 
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